WITTEN'S FORMULAS FOR INTERSECTION PAIRINGS ON 
MODULI SPACES OF FLAT G-BUNDLES 

E. MEINRENKEN 

Abstract. In a 1992 paper |41| . Witten gave a formula for the intersection 
pairings of the moduh space of flat G-bundles over an oriented surface, possibly 
with markings. In this paper, we give a general proof of Witten's formula, for 
arbitrary compact, simple groups, and any markings for which the moduli space 
has at most orbifold singularities. 
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1. Introduction 

Let S be a compact, connected, oriented surface of genus s with r > 1 boundary 
components, and G a compact, connected Lie group. Given conjugacy classes 
Ci, . . . ,Cr in G, let 

(1) 7W(S;Ci,...,C,) 

denote the moduli space of flat G-bundles over S, with holonomy around the jth 
boundary component in the prescribed conjugacy class Cj. For 'generic' conjugacy 
classes Cj, the moduli space has the structure of a smooth, compact, connected 
orbifold. 

Of particular interest to algebraic geometry is the case G = SU(n), r = 1, 
and C = {c} the conjugacy class consisting of a generator of the center of SU(n). 
That is, c = exp(27ri^)/ where d and n are coprime. In this case, the moduli 
space A4{T,;c) is smooth, and the Narasimhan-Seshadri theorem |33j identifies the 
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moduli space with a moduli space of stable holomorphic vector bundles of rank 
n and degree d over a Riemann surface of genus s. In [2j Harder-Narasimhan 
used methods from number theory to calculate the Poincare polynomial of the 
space 7V4($];c). In 1984, Atiyah-Bott [S| gave a more geometric computation of 
the Poincare polynomial, based on the Morse theory of the Yang-Mills functional. 
Furthermore, they constructed classes 





i/2rf(A^(S;c)), 






if2^-i(>[(S;c)), i = l,.. 


.,2h 


f G 







for any invariant polynomial p € Pol'^(su(n))^, which generate the cohomol- 
ogy ring as p ranges over the set of polynomials p{^) = tr(,^'^), k = 2,...,n. 
Beauville gave an alternative construction of the Atiyah-Bott classes, and 
Biswas-Raghavendra \10\ obtained generators for moduli spaces of parabolic bun- 
dles. See also Racaniere [35] . 

In 1992 Witten proposed general formulas computing all intersection pairings 
between Atiyah-Bott classes, generalizing results of Thaddeus ^|39 for the n = 2 
case. Witten's formulas were confirmed a few years later by Jeffrey-Kirwan |26j . 
Their main result expressed the intersection pairings in terms of iterated residues; 
the equivalence to Witten's version (as a sum over irreducible representations) 
was obtained using results of Szenes 38, (see Brion-Vergne jl31 I14j for further 
developments in this direction). In Earl-Kirwan [19|, these results were used to 
give explicit formulas for the relations in the cohomology ring. 

The formulas for intersection pairings in |1J were stated not only for the group 
G = SU(n), but for arbitrary compact, simply connected Lie groups. The aim of 
the present paper is to give a proof of Witten's formula in this generality, for any 
collection of conjugacy classes Cj for which the moduli space has at most orbifold 
singularities. 

It was observed by Atiyah-Bott that the moduli spaces A4{Y^;c) have a natu- 
ral structure as an infinite-dimensional symplectic quotient for the gauge group 
action on the space of connections on S. Witten obtained his formulas by an ap- 
plication of equivariant localization techniques to this infinite-dimensional setting. 
Jeffrey-Kirwan worked with a different expression of the moduli space 7W(S; c) as a 
finite-dimensional symplectic quotient M//G, however the symplectic manifold M is 
both singular and non-compact. This led to technical difficulties, which prevented 
the generalization of this approach to other groups and holonomies. A second prob- 
lem was that Atiyah-Bott 's result for generators of the cohomology ring, and its 
subsequent generalization by Biswas-Raghavendra, was not established for general 
compact simple Lie groups. 

In this paper, we will calculate the intersection pairings using localization on 
smooth, compact, finite-dimensional manifolds. This calculation is based on a more 
general localization formula for Hamiltonian G-spaces with group-valued moment 
maps : M ^ G, as introduced in JL,. In the case at hand, ^A{T,■,Cl, . . . ,Cr) is 
expressed as a symplectic quotient M//G = ^~^{e)/G where M = G"^^ xCi x • • • xCr, 
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with G acting by conjugation and moment map 

s r 

$(ai,6i, . . .,as,bs,ui, ...,Ur) = ^i] H 

i=i j=i 

where [a, b] = aba^^b^^ is the Lie group commutator. As for usual 0*-moment 
maps, there is a locahzation formula 0, expressing intersection pairings of classes 
in the image of the ring homomorphism Hg{M) H(M//G) in terms of fixed point 
data on M. Unfortunately, in contrast to the 0*-valued case this homomorphism 
need not be surjective. For instance, it turns out that for the moduli space ^A{T,■, c), 
the Atiyah-Bott classes a^, are in the image, but not in general the classes f^. 

The missing generators can be recovered as follows. For any invariant polynomial 
p of degree d > 0, transgression defines a closed equivariant differential form 7]q £ 
(G) on G. Suppose ljP G ^^^'^"^(M) is an equivariant form with dcujP = ^*rj^. 
Then the pull-back of to the level set $^^(e) is equivariantly closed, hence defines 
a class in i?G($^^(e)) = H{M//G). A recent result of Bott-Tolman-Weitsman 
|12| asserts that classes of this type, together with the image of the Kirwan map, 
generate the cohomology ring of M//G provided all forms ^*'rf^ are equivariantly 
exact. In Section [7| we will show that this condition holds for the moduli space 
examples, by explicit construction of the forms o;^ for these cases. That is, one has 
canonical generators for the cohomology ring of A^(S; Ci, . . . , C^) in full generality. 

The main result of this paper is a localization formula for intersection pairings 
of the Bott-Tolman-Weitsman classes on M//G with classes in the image of the 
Kirwan map. In the moduli space setting, the evaluation of the fixed point data is 
fairly straightforward and immediately leads to Witten-type formulas. 

The organization of the paper is as follows. In Section |2l we review G- valued 
moment maps, and in Section |31 we show how to relate G- valued moment maps to 
standard g*-moment maps (linearization) or to T-valued moment maps (Abelian- 
ization). Section |1] is a review of Duistermaat-Heckman theory for g*-valued mo- 
ment maps. The somewhat unusual perspective taken here is that Duistermaat- 
Heckman measures are cohomology classes for a 'twisted' equivariant differential 
on 0*. We explain that the DH-distributions can be equally well defined as dis- 
tributions on t*, and give a geometric interpretation. These ideas are put to use 
in Section in order to define DH-distributions for group- valued moment maps. 
Again one encounters a certain twisted differential, this time on the group G rather 
than on g*. We associate to any cocycle for this differential an invariant distribu- 
tion on G, by first Abelianizing the problem. We find that on one hand, the 
resulting DH-distributions encode intersection pairings on symplectic quotients, 
and on the other hand are calculated by localization. In Section 6, we use a 
similar approach to study more complicated twistings, required to deal with the 
Bott-Tolman-Weitsman classes [w^g^]- As it turns out, Witten's 'change of vari- 
ables' 41_ becomes very natural in this context. Finally, in Section[7|we apply our 
localization formula to the moduli space examples. 
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Notation. Throughout this paper, G will be a compact, connected Lie group. We 
fix an invariant inner product • on the Lie algebra g, which we will often use to 
identify g with its dual g*. Choose a maximal torus T of G, with Lie algebra t, 
and let p = t"*" be the unique T- invariant complement of t in g. The Weyl group of 
(G,T) will be denoted W = Ng{T)/T. 

The integral lattice A C t is the kernel of the exponential map exp : t — > T, 
and the (real) weight lattice is its dual. A* = {A G t*| (A,^) G Z e A}. Weights 
A € A* parametrize homomorphims : T ^ U(l) where 

eA(expe) = e2-^-«, ^ G t. 

Let C A* be the set of (real) roots. Fix a positive Weyl chamber t+ C t, and let 

9^+ = {a G % {a, > for all ^ G t+} 

be the corresponding set of positive roots. The cardinality of the set of positive 
roots will be denoted by n+ = #9^+. Recall that the choice of t+ defines a unique 
T- invariant complex structure on p, in such a way that 9^+ are the weights for the 
T-action. In particular, this defines an orientation on p. 

Let the homogeneous space G/T be equipped with the G-invariant Riemannian 
metric and orientation induced from p = g/t. The Riemannian volume of G/T is 
given by the formula [HI Corollary 7.27] 

(2) vo1g/t = ( n 2vra-/9)-\ 

where p = Ylaem+ ^- More generally, if C G is a connected closed subgroup 
containing T, the homogeneous space GjK carries a Riemannian metric and orien- 
tation induced from t-*-, and the Riemannian volume voI^j/k is given by a formula 
similar to 0, but with a product over only those a G 91+ that are not roots of K. 

Let the t^^ C t* be unique Weyl chamber in t* containing p. (Clearly, the 
identification of t and t* given by the inner product identifies 1+ = t!j_.) For any 
p G t!j_, the symplectic volume of the (co-)adjoint orbit G.p is given by 

(3) Vol(G./i) = ( J] 27ra • ^) vo1g/g,, 

where vol^j is the Riemannian volume corresponding to the metric on g^ induced 
from g. 

For any A G A!j_ := A* n t+ we denote by Va the irreducible representation of 
highest weight A, and by x\ its character. 
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2. Group-valued moment maps 

2.1. q-Hamiltonian G-spaces. In this Section we recall the concept of a group- 
valued moment map introduced in 

Recall that for any G-action on a manifold M, the equivariant cohomol- 
ogy Hg{M) may be computed using the Cartan complex (17(5(7^), d^), where 
S7g(M) = (Pol(g) (S> rJ(M))^ is the algebra of G-equivariant polynomial maps 
—I- Q{M) and d^ is the equivariant differential, (dG/3)(0 = ("^ ~ '-(Cm))/9(0- See 
Appendix IB. II Letting G act on itself by conjugation, we define an equivariant 
3-form rjG G ^ciG) by 

where 9^,6^ € ^}^{G) ®g are the left-invariant, right-invariant Maurer-Cartan 
forms. It is easily verified that tjg is an equivariant co cycle, i.e. dG??G = 0. A 
Hamiltonian G-space with group-valued moment map (in short, a q-Hamiltonian 
G-space) is a triple (M, u;,$) consisting of a G-manifold, an equivariant map ^ : 
M ^ G, and an invariant 2-form io € Q'^{M) satisfying the moment map condition 

dcuj = ^*r]G 

and the minimal degeneracy condition 

ker(a;^) = {^m{x)\ Ad$(^) ^ = x e M. 

Sometimes we will omit the minimal degeneracy condition, in which case we refer 
to (M, u;,^) as a degenerate q-Hamiltonian G-space. We list some examples of 
non-degenerate q-Hamiltonian G-spaces, with references for further details: 

(a) Conjugacy classes C C G, with moment map the inclusion 

(b) G^, with G acting by conjugation on each factor and moment map (a, b) i-^ 
aba~^b~^ the Lie group commutator 

(c) For any symmetric space X = G/K of G, the space X'^, with moment the 
product of the natural inclusions X — G 

(d) even dimensional spheres S*^", viewed as compactifications of a ball B C C", 
and with G = U(n)-action induced from the defining representation on C" 
(see jUI^ for n = 2, the generalization to higher rank was recently obtained 
by Hurtubise-Jeffrey-Sjamaar [23 ). 

There is a symplectic reduction procedure for q-Hamiltonian G-spaces, similar to 
the usual Marsden-Weinstein reduction for g*-valued moment maps: If the group 
unit e E G is a regular value of the moment map, then G acts locally freely on 
the level set <I>~^(e), the pull-back of uj is G-basic, and the induced 2-form Wrcd on 
<I'~^(e)/G is symplectic. We will refer to 

M//G = ^'\e)/G 

as the symplectic quotient of (M, More generally, one defines symplectic 

quotients Mg = ^~^(g)/Gg (where Gg is the centralizer of g) at other regular 
values of the moment map. 
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It was shown in that the moduh space (0) of flat G-bundles may be written 
as a symplectic quotient 

M{^;Ci,...,Cr) = M//G 
of a q-Hamiltonian G-space (M, Here 

(4) M = 0^' xCix ■■■ X Cr, 

with G acting by conjugation on each factor, and moment map 

s r 

(5) ^{ai,bi,...,as,bs,ui,...,Ur) = JJ[ai, &j] lij- 

i=i j=i 

Here [a, b] = aba^^b^^ is the group commutator. The 2-form w on M is given by 
an exphcit, but somewhat comphcated formula spelled out in P (see also Section 
m below). 

In general, q-Hamiltonian G-spaces need not be orientable - a counterexample 
is M = MP(2) as a conjugacy class for G = S0(3). However, this problem does not 
arise if G is simply connected, or more generally if the half-sum of positive roots, 
p, is in the weight lattice A*. For any differential form /3 € il(M), let P^^^ denotes 
its component in Q^{M). 

Lemma 2.1. 4 Suppose p is a weight of G. Let (M, u;,$) be a q-Hamiltonian 
G-space. Then M carries a canonical volume form T with the property 

(6) (expu;)[d-A^l = -p^r. 

dim Vp 

In particular, M is orientable. 

Remark 2.2. Suppose that M is connected and that ^*xp does not identically 
vanish on M. Then Q may be used as a definition of the volume form T. In 
particular, this is the case if <&~^(e) ^ 0. Note that for all x G $~"^(e), the 2- 
form uJx on TxM is non-degenerate, and that the symplectic orientation on TxM 
coincides with the orientation given by T. 

Example 2.3. For a conjugacy class C = G/Gg, the volume form may be described 
(up to sign) as the Riemannian volume form for the homogeneous space G/Gg, 
times I detgj_(Adg — 1)1^/^. Suppose G is simple and simply connected, and let 
21 C t be the fundamental alcove, i.e. the subset of t+ cut out by the inequality 
Omax • A* < 1 where amax is the highest root. Recall that 21 parametrizes the set of 
conjugacy classes in G, in the sense that every conjugacy class contains a unique 
element exp{p) with /u E 21. The volume of the conjugacy class G. exp/u is given 
by the formula [1], 

(7) Vol(G. exp ^) = ( Yl 2sin7ra • ^) volc/GexpM 

compare with The orientation on the conjugacy class G. exp p differs from the 
orientation of the homogeneous space G/Gexp/x by a sign, (— 1)^^^ '^, where 2pK is 
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the sum of positive roots of K = Gg, i.e. the sum over all those roots a G with 
a • G Z. 

2.2. Bott-Tolman-Weitsman theorem. Suppose (M, u;,<I>) is a compact, con- 
nected, q-Hamiltonian G-space, and that e is a regular value of the moment map. 
Pull-back to the identity level set defines a Kirwan map 

H'aiM) - H-a{^-\e)) = H'{M//G). 

In contrast to ordinary Hamiltonian G-spaces, this map is not onto, in general. 

Example 2.4. Let G = SU(2), C = {c} the conjugacy class consisting of the non- 
trivial central element. For s > 2 consider M = G^'^ x C, with moment map $ 
as in ((21). It is easy to see that away from $~^(c), the G-action has constant 
stabilizer equal to the center Z{G). In particular, G/Z{G) acts freely on <I>~^(e), 
and therefore M//G is a smooth symplectic manifold of dimension (2s — 2) dimG > 
0. The symplectic form defines a non-trivial class in H'^{M//G). On the other 
hand Hq{M) = 0. This shows that the Kirwan map cannot be surjective in this 
example. 

We now explain how to obtain a set of generators of H{M//G) in the general 
case. As it turns out, it is necessary to take the topology of G (as a target of the 
moment map) into account. Recall that generators of (Ag*)*^ = H{G) are obtained 
as images of the transgression map Pol*(0)^ — > (A^*~^g*)'^. The transgression 
construction can be made equivariant for the conjugation action: That is, there is 
a canonical linear map 

Pol-(0)«-17^-i(G), p^rf^ 

such that the forms rj^Q are closed, and their classes [ry^] generate Hg{G) as an 
algebra over HQ{\)t). (In fact, one already obtains a set of generators if one restricts 
to the subspace P C Pol*(0)'^ spanned by primitive generators for the algebra 
Pol-(g)^.) 

An explicit formula for the forms rf^ is worked out in Jeffrey's paper [21]. For any 
p £ Pol(g) let ^ 1-^ p'{C) G be its gradient, defined by p'{^) ■ ( = „?>(? + K). 
Then 

(8) vUO = -e^ • I' dt y ((1 - t)c + Ad,-i(0 - ^-^^[e\e 

We will review this derivation of this formula in the Appendix, Section [B. 81 

Remarks 2.5. (a) Note that if G = T, the formula for the equivariant forms t/q 
simplifies to 

where 6t is the Maurer-Cartan form for T. 
(b) For the quadratic polynomial p{^) = ^S, ■ S,, the form r]Q coincides with the 
form r]G considered above. 



t=o 
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Suppose that (M, lu, <I>) is a q-Hamiltonian G-space. We wiU refer to equivariant 
forms ujP G 1^^^~^(M) with 

(9) dcujP = ^*v'g- 

as higher q-Hamiltonian forms. Since tJq has odd degree, its puh-back to the 
group unit e G G vanishes and therefore tj^i^g^u;^ is closed. Hence [l'^^i ^^^uj^] G 

Hg{^~^ (e)) is defined, and descends to an ordinary cohomology class [wf^j] on the 
symplectic quotient. After choosing a principal connection on <I>~^(e), Cartan's 
theorem (see Appendix IB. 2|) yields w^^^ G {M // G) as a differential form. The 

following is a reformulation of a result of J2| • 

Theorem 2.6 (Bott-Tolman-Weitsman) . Suppose G is simply connected. Let 
(M, u;,<I>) he a compact connected q-Hamiltonian G-space, with e a regular value of 
the moment map. Assume that for all p G Pol(g)^ there exists a form ui^ G i^ciM) 
satisfying Q . Then the classes [t^^fp^j] , together with the image of the Kirwan map, 
generate the cohomology ring of M//G. 

Note that $*??^ is exact for all p G Pol(g)^, if and only if it is exact for some 
set of generators of the ring Vo\{q)^. That is, it is enough to consider forms for 
such a set of generators. 

Corollary 2.7. If G = SU(2), the image of the Kirwan map together with the 
reduced symplectic form generate the cohomology ring of M//G. 

Remark 2.8. The condition @ means that the pair (ijP,r}^) defines a cocycle for 
the relative equivariant de Rham complex ^}q{^) = ^}^^{M) © r2^(G). The class 
['^redl depends only on the relative cohomology class [(u;P,ry^)]. 

In Section [71 we will give an explicit construction of the higher q-Hamiltonian 
forms u!^ for the moduli space example 

3. Linearization and Abelianization 

In this Section, we will describe two methods of relating q-Hamiltonian G-spaces 
to more standard Hamiltonian spaces: Linearization (replacing the target G of the 
moment map with q = g*), and Abelianization (replacing G by the maximal torus 
T). 

3.1. The linearization of a q-Hamiltonian G-space. For any invariant poly- 
nomial p G Pol*(g)'^ let rjg G il^^^(g) denote the (exact) equivariant form, 

vliO = -d{;p'iO)- 
Thus, T/g is a linearized version of the form r/^. Let 

(10) wP = h{exp*rjP,-ril)enl'-HQ), 

where h : i^Q{g) 0^~^(g) is the G-equivariant homotopy operator (Section 
IB.Sp for the vector space g. For p(^) = we omit the superscript p, writing 

Vs = -{-,0 and 

(11) w = h{exp* r]G - r]g) en^id). 



INTERSECTION PAIRINGS 



9 



Since (exp* rye — %)^^^ = 0) one has vo^^^ = 0, i.e. the equivariant 2-form w is an 
ordinary invariant 2-form. 

Suppose now that (M, a;,$) is a q-Hamiltonian G-space, possibly degenerate. 
Let y C G be an invariant open neighborhood of e € G, given as the diffeomorphic 
image of an invariant open neighborhood Vq of G g under the exponential map. 
Let log : Vq ^ V he the inverse map. Replacing M with <^~^{y) if necessary, 
assume that ^ takes values in V , and let 

<l>o = log(<I>), Wo = a; - ^*vj. 

Clearly, dQU = ^*rjG implies dci^o = '^o^gj which is the usual moment map 
condition for a Hamiltonian G-space. We will refer to the Hamiltonian G-space 
(M, wq, ^J'o) ^-s the linearization of the q-Hamiltonian space (M, Given a 

higher q-Hamiltonian form lo^ on M, the form 

has the property dcoj^ = ^^ff^- 

Remarks 3.1. (a) If lo satisfies the minimal degeneracy condition, then the 2- 
form ujQ is symplectic |li Proposition 3.4]. Let Fq = (expwo)''^™^^' denote 
the symplectic (Liouville) volume form on Mq, and T the volume form on 
M. Then T = $5 jV2 Tq, where J^/^ ^ C'°°(g) is the unique smooth square 
root with J^/2(-Q) ^ I ggg ^ Section 3.6]. 
(b) As a typical application of the linearization construction, the symplectic re- 
duction theorem for q-Hamiltonian G-spaces follows directly from the usual 
Hamiltonian setting, together with the fact that w vanishes at = 0. 

3.2. The Abelianization of a q-Hamiltonian G-space. The theory of G- 
valued moment maps is substantially different from the theory of ordinary g*-valued 
moment maps only if the group G is non-Abelian. In this Section we introduce an 
Abelianization procedure for q-Hamiltonian G-spaces, replacing the group G by its 
maximal torus T. For any G-manifold M, we denote by kt ■ 0,g{M) 
the natural map restricting the action. 

Recall that p = t"*-, and consider the two maps 



T X p 




T G 

where TTT{t,fi) = t and F{t,^) = iexp(/i). For any p G Por(3)'^, define a T- 
equivariant form 

(12) 7^ = h(F*KT(r?^)), GJ]^-2(Txp) 

where h is the T-equivariant homotopy operator (Section IB.5|) for T x p ^ T. 

Proposition 3.2. The pull-back of the forms 7^ to T x {0} C T x p vanishes. One 
has, 

dT7^ = F*«T(r?^)-vrJr?^, ^ G i 
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Proof. Let lt ■ T — > T x p denote the inclusion. The equation for dr7^ fol- 
lows from the property drh-l-hdy = id— Tr^t^ of the homotopy operator, since 

L^{F* KT{r}Q)) = r^. Note that one can also write = h {^F*KT{rfQ) — t^t''^ 

since hovr^ = 0. The pull-back of F*KT{r^) — r/j- to T is zero, hence the same is 
true for j^. □ 

Consider in particular the equivariant 2-form 7 € Q'^{T x p) corresponding to 
the quadratic polynomial p{^) = ^H^lp. It turns out that 7!°] = so that 7 is in 
ordinary 2-form: 

Proposition 3.3. The equivariant 2-form 7 is a T -invariant 2-form, given by the 
formula, 

j = Wp + ^9t- cxp; 9^ G J^2(T X p), 

where Wp is the pull-back of the form w G 0^(g)*^ to p, and expp is the restriction 
of the exponential map. The pull-back of j to T vanishes. 

Proof. We use the following formula for the pull-back of the form rjo under group 
multiplication: 

Mult^ riG = TT^VG + VG + ldGin^9^ ■ pr^ 9^). 

Here pr^ denote the projections from G x G to the two factors. The map F can be 
written as a composition of the map T x p ^ G x G, {t, /j,) {t, expp(/i) followed 
by group multiplication. Hence, 

1 

2* 

Now apply the homotopy operator h for T x p. Clearly, hryr = 0. Furthermore, 

h cxp; kt(??g) = 

since pull-back from g to p intertwines the homotopy operators for the two vector 
spaces. Finally, 

hdr(^T • exp; 9^) = 9t ■ exp; 9^ 
since 9t ■ exp; 9^ pulls back to on T C T x p, and since 

h{9T ■ exp; 9^) = -9'^ -1^ = 0. 

□ 

We may use the form 7 to turn any q-Hamiltonian G-space (M, u, $) into a 
(degenerate) q-Hamiltonian T-space, at least on a neighborhood of $~^(r). 

For e > let -Be(O) C p denote the open ball of radius e. Choose e sufficiently 
small, so that the map F restricts to a a diffeomorphism T x -6^(0) onto an open 
subset U d G. Let tt : [/ — > T be the projection corresponding to ttt : T x p ^ T, 
and use F to view 7^ as forms on U. Thus, 

dr7^ = nT{rfQ)\u - T^*rj^- 



F*KT{riG) =ilT + exp; kt(??g) + -dr(6'T • exp^ 9^'^ 
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The pre-image 

N := 

is a T-invariant open neighborhood of <^~^(T) in M. Define an invariant 2-form 
WAT G 02(A^) and an equivariant map <I>Ar G C°°(7V, T) by 

lon = ui\]\f — <^'*7, = vr o <I>|7v. 

More generally, if ujP is a higher q-Hamiltonian form for an invariant polynomial p, 
i.e. Lv^ is a primitive for we define 

Proposition 3.4. The triple {N,ujn,^n) is a (degenerate) q-Hamiltonian T- 
space. If p (z Po^g)*^ is an invariant polynomial and ujP a corresponding higher 
q-Hamiltonian form for {M^uj,^), then is a higher q-Hamiltonian form for 
{N, ujn,^n)- 

Proof. The equation drw^ = ^*??^ follows directly from d^w^ = ^*rj^ and the 
property of the form 7^. □ 

Notice that the 2-form lon closed, but is usually not symplectic even if w is 
minimally degenerate. 



4. DH-DISTRIBUTIONS FOR HAMILTONIAN G-SPACES 

For any manifold M, let C*(M) denote the complex of de Rham currents on M. 
Thus C^{M) is the topological dual space of r2"'~*^(M)comp, and the differential is 
defined by duality. If M is oriented, the natural inclusion Q.*{M) C'{M) is a 
quasi-isomorphism. For any vector field X on M, the operators of Lie derivative 
and contraction Lx, ix extend to the complex C'{M). Given a G-action on M, the 
space C (M) is a G-differential space in the sense of ; and therefore a differential 
space 

C'g{M) = (Pol(0) ®C'(M))^ 

of equivariant currents is defined. 

In the present Section, we will avoid identifications of the Lie algebra with its 
dual. Suppose (M, u;,<&) is a Hamiltonian G-space, i.e. with an ordinary mo- 
ment map $ : M — > g*. For any equivariant cocycle (3 G VtG{^)^ the expression 
^g27rj.w g Q.q{M) is a cocycle for the twisted differential, dc - 27ri<I>*7/g. (Note 
that the equivariant 3-form ?yg(^) = — d(-, ^) is invariantly defined as a form on g*.) 
Hence, its push- forward under the moment map is an equivariant current on g*, 
closed under the differential d^ = d^j — 2TTir]g. We will show in this Section that 
the cohomology space of this differential is naturally identified with invariant dis- 
tributions. The distributions associated with the current <^*(/3e^'^*'^) will be called 
Duistermaat-Heckman distributions . 
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4.1. Equivariant currents on g*. Even though r/g is equivariantly exact, it still 
defines a non-trivial twisting of the cohomology, as the following result shows. 

Proposition 4.1. Let (I'q = dc — 2iTirjg. For any G-invariant open subset V C Q*, 
the map 

(13) CaiV) - V'iVf, ^ - n = ^ " 

vanishes on dQ-coboundaries, and descends to an isomorphism, 

H{CG{V),d'G)^^'iVf. 

If 4> CciV) is compactly supported, the associated distribution n is given in terms 
of its Fourier transform by 

(14) (n,e-2-<-'«)) = (0(O, e-2-<-'«)). 

The map (fT3]) restricts to a map for smooth equivariant forms, Qciy) — *■ 
Qdimg^y^G^ w/iic/i dcsccnds to to an isomorphism i/(SlG(^), d'c) ^ {VL'^''^^{V))^ . 

Proof. The formula (|14() for compactly supported follows from 

Note that the right hand side of H14|) may also be viewed as the integral (push- 
forward to a point) of the current 4>{^)e~'^'^^^''^'^ . We next show that the distribution 
n corresponding to a coboundary dQip is zero. Using a partition of unity, it suf- 
fices to prove this if ip has compact support. But in this case, the integral of 
(d^?/')(^)e~^'^*^'''^^ = d^(V'(C)6~^'^*^ '''^) vanishes by Stokes' theorem. It remains to 
show that the induced map in d^-cohomology is an isomorphism. To this end, 
we view the space C(y) of currents as a G-differential space, with the standard 
G-action and the standard differential, but with the contraction operators 

4 = '-(^0*) + 27rir/0(^). 

^From this perspective, the d^-cohomology of CciV) is just the equivariant coho- 
mology of the G-differential space CciV). Let P G G°°(0*, A^g*) be the Kirillov- 
Poisson bivector field on q* . If /^^^ are the structure constants in a given basis 
of 0, with dual basis e°, and fia the associated coordinates, 

^ = o > . fabf^c 



abc 

-2 



Let t{P) : C*{V) C {V) denote the operator of contraction by P. Then conju- 
gation by exp(2^t(P)) is a G-equivariant automorphism of C{V) which simplifies 
the contraction operators: Indeed, 

[.(P), .(V)] = o, %(?)] = 

and therefore 

4' := Ad (exp(^/,(P)))4 = 2^ir?g(0 = 2^id(-,0- 
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Clearly, the horizontal subspace of C{V) with respect to i'^ is the space of currents 
of top degree, that is V'(y), and so the basic subspace is V'(V)'^. It is easy to 
see that the conjugated differential d" = Ad ( exp(2^t(P)))d vanishes on 'D'{V)'^: 
One one hand, it preserves the basic subspace, on the other hand, it changes parity 
while everything in the basic subspace has fixed parity given by dimg. This shows 
that there is an isomorphism 

V'iVf ^ C(F)basic, A ^ exp(-^i(P))A 

2m 

taking values in cocycles. Viewing C(y)basic as a subspace of Cc{V), it is obvious 
that its composition with the map CciV) — > T>'(y) is the identity. To complete the 
proof, it suffices to show that the inclusion of the basic subcomplex C(y)basic — *■ 
Cciy) induces an isomorphism in cohomology. By a generalized version of Cartan's 
theorem, due to Guillemin-Sternberg this will be the case if there exists a G- 
equivariant linear map 6* : 5* — > End°'^'^{C{V)) such that = (/i,^) Id and 

such that the operators 6{n) and [d, 6{n)] generate a super-commutative subalgebra 
of End(C(y)). ^ Indeed, such a map is given by contraction with the constant 
vector fields defined by elements of q*: 

1 d 



2-711 dfXa 

Clearly, all of the above goes through for Cg{V) replaced with ^Iciy)- ^ 

Remark 4.2. The map (|13|) restricts to a map for smooth equivariant forms, 
^g{V) and the proof of Proposition KT\ shows that, again, this 

map descends to to an isomorphism d^) = ^}'^^'^^{V)^ . 

Later we will need the following consequence of the proof of Proposition 14.11 

Corollary 4.3. Suppose (p € CciV) is a cocycle for d^ = dc — 27rzryg, and O C V 
is a coadjoint orbit. Then there exists a d-Q- cocycle 4> with compact support in any 
given neighborhood of O, such that cj) = cj) on a smaller neighborhood of O. If (p is 
smooth near O, one can take (j) to be smooth. 

Proof. Let n € T>'{y)'~' be the distribution defined by (j). Let Vi, V2 be open neigh- 
borhoods of O, with I4 C y and C Vi. Let x e C'°°(^)ramp with xlvi = 1, 
and xi G C'°°(^i)Smp with xi\v2 = 1- Let m = x", and let (pi = exp{^^L{P))ni 
as in the proof of Proposition 14.11 Since ni = n on Vi, it follows that the re- 
strictions of (p,(pi to Vi are d^-cohomologous: (p\vi = (piWi + dc'(V')- Define (p by 
(pilvi + (^'ciXii^) on Vi, and equal to (pi outside Vi. □ 

4.2. DH-distributions. Suppose (M, cj,<I>) is an oriented Hamiltonian G-space, 
with a possibly degenerate 2-form uj. We assume that the moment map $ : M ^ g* 



^These conditions are a translation of the notion of a VI^*-module, as introduced in |2Q|. As 
shown in one may in fact drop the super-commutativity condition. 
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takes values in an invariant open subset V C g* , and is proper as a map into V. 
For any equivariant cocycle /? G ^Ig{M), the push-forward 

is a well-defined dQ-cocycle. We define the Duistermaat-Heckman distribution 
G 'D'{V)^ to be its image under the map H13|). that is, 

ZTTl Ofl 

For /9 = 1, this simphfies to n = $^(e^'^*'^)['^'™^], which (up to 27rz factors) is the 
original definition of the Duistermaat-Heckman measure in jTTj . as a push- forward 
of the Liouville measure. The more general DH-distributions were introduced 
by Jeffrey-Kirwan 25 , in terms of their Fourier coefficients (see Proposition ^310) 
below). 

We list some of the basic properties of DH-distributions. Given /?, let us call 
^ £ 0* a P-regular value of <I> if the differential d^.<I> has maximal rank for all 
X € ^^^{fi) n supp(/?). This includes of course the set of regular values of 

Proposition 4.4 (Properties of Hamiltonian DH-distributions). Let {M,lo,^) be 
an oriented Hamiltonian G-space (with possibly degenerate 2- form uj), with proper 
moment map $ : M ^ V C g* . 

(a) The definition of is local, in the sense that the restriction of to an 
invariant open subset V C V is the DH- distribution associated to 

Its support and singular support satisfy 

supp(n^) C ^>(supp(/3)), singsupp(n'^) C $(supp(/3) n (M\M*)), 

where C M is the set of x ^ M such that has maximal rank. 

(b) The map Og'(M) — 2?'(y)*^, /3 i— > vanishes on dc-coboundaries. In 
particular, it descends to cohomology. 

(c) Suppose p G Po^g)*^ C ^Ig{M) is an invariant polynomial, viewed as an 
equivariant cocycle on M . Then 

(d) // (3 has compact support, then so does and its Fourier transform is given 
by 

(3 ^-27ri(.,0\ _ / R(!:\^27Ti{uj-{<l>,0) 



J M 

(e) The distribution is smooth near (3-regular values of ^. If daP = 0, and 
^ G t!j_ C 0* is a P -regular value, 

voi(g.^) y kj y*-i(^),/G^ 

Here the sum is over connected components $~^(/x)j of the level set and 
kj is the number of elements in a principal stabilizer for the G^j,- action on 
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jth component. Furthermore, /3red 'is the image of j3 under the chain map 
Q.g{M) — > 0(<i>~"'^(/i)/G^), given as pullback to the level set followed by the 
Cartan map for a principal G^-connection on ^"^(fj,), and similarly for 

Proof. Properties ^ and are clear from the definition or from the corre- 
sponding properties of d^-closed currents on V. The integral formula (0) follows 
from 

Jm 

Proofs of part (jgj) may be found in □ 



Remark 4.5. A well-known result of Kirwan says that if M is compact and 
connected, and the 2-form to is symplectic, then all level sets <5~^(;u) are connected. 
Hence, in this case directly relates pairings on <I>^^(/x)/G^. More generally, this 
is the case if each component of the level set ^^^{fi) intersects the principal stratum 
for the G-action on M. 

Since the integrand in is closed under d^ = d — l^j^j , the Fourier transform of 
for a compactly supported cocycle /? may be calculated by localization (Theorem 
IB.4|) . as a sum over fixed point manifolds for the vector field £^m- 

Combining this with the interpretation of leads to formulas for intersection 
pairings on reduced spaces in terms of fixed point data, such as the Jeffrey-Kirwan 
theorem 



4.3. The isomorphism Rg. Choose orientations on g and t, compatible with the 
orientation of p given by the set 9^+ of positive roots. Let dvolg* denote the volume 
form on q* , corresponding to the given invariant inner product on g, and similarly 
dvolt* the volume form for the restriction of the inner product. 

Let X)'(t*)^-ait (^g22ote the subspace of distributions on t* which alternate under 
the action of the Weyl group W, that is, = (— l)'^'"^m where l{w) is the length 
of w G W. More generally, for an invariant open subset V C Q* we may consider 
the space V'{Vnt*)^-^^K 

Lemma 4.6. There is a unique linear isomorphism 

Rg : V'{Vf V'{V n 
with the following two properties: 

(a) (C7~-hnearity) R^ifn) = /|t*-Rg(n) for all f £ C^iVf and n G V'{V)^. 

(b) (Fourier coefficients) For compactly supported n, the Fourier transform 
of RgXi is given by 

(/?gn, e-2-<-'«>) = (-1)"+ n 27r^(a,0 (n, e-2-<-'«)), ^ G t. 
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The image of the volume form is given by 

i?g(dvoV) = ( n 2vra)dvolt.; 

here a € 9^+ C t* is viewed a linear form on t* , using the inner product. 
Proof. The map on test functions 

(15) C^iV)^om^ - C^iV n t*),^-f , / ^ n 27ra)/|v.nt* 

is a continuous linear isomorphism, independent of the choice of inner product. 
Let Rg : V'{V)'^ V'{V D i*)^-^^^ be defined as the inverse of the dual map. 
Clearly, Rg satisfies (Q. To establish (|E|, it suffices to consider the case that n is 
the Liouville measure of a coadjoint orbit G.fj, for a regular element € t+, since 
linear combinations of such measures are dense in That is, we assume 

that n is the unique invariant measure supported on G./j,, with total integral equal 
to the symplectic volume Vol{G.fi) = {Ylae9\+ ^vra • ^) voI^/t- In this case, 

(16) R,{n) = Yl (-1)'^"^'^-^- 

as one verifies on test functions. Now ((b)) follows by the formula for Fourier trans- 
forms of coadjoint orbits ^ Chapter 7]. Finally, the formula for i?g(dvolg*) follows 
from the Weyl integration formula, 

/ /dvolg* = / /If ( n 2vra)2dvolt. . 

□ 

Example 4.7 (Duistermaat-Heckman measures of coadjoint orbits). Let 6o G 
V'{q*)'^ be the delta- measure supported at G g*. Then i2g(5o) is expressed 
in terms of derivatives of the delta- measure on t* : 

RgiSo) = {-ir^ n 

This follows from (0), by taking Fourier transforms. Using the characterization of 
Rg as the inverse dual map to H15() . applied to / = 1, one obtains the identity, 

a.) n(".|;> n J^- 

Proposition 4.8. Assume V d q* is an invariant open subset containing the 
origin. Suppose n = /dvolg* with f G C°°(y)'^, maps to Rg{x\) = Fdvolt* with 
F G C^Cl/ nt*)^-^'*. Then 



F. 

Ai=0 
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Proof. This follows from (fT7|) since F = IlagiK,,. 27r(Q, •) /|t*. □ 

By Proposition 14.11 the space ^'{V)^ can be thought of as the cohomology for 
the 'twisted' equivariant differential on the space CciV) of equivariant currents 
while T>'(y n t*) is the cohomology of the space of equivariant currents on 1/ fi t* 
(where T acts trivially). Hence, Rq may be viewed as a map of cohomology spaces, 
H{CGiy),(^'G) ~^ H {Ct{V ni*) , d'j^) . For our applications to Duistermaat-Heckman 
theory, it will be important to realize this map on the 'chain level'. Let vr : 5* — > t* 
denote projection to the first factor in g* = t* p*, and choose a representative of 
the T-equivariant Thom form r of the vector bundle 7t~^{V R t*) V (1 1*, with 
fiberwise compact support in the intersection V rnT~^ {V (li*) . Recall that the pull- 
back of r to ynt* represents the equivariant Euler class, hence it is T-equivariantly 
cohomologous to (—1)"'+ HaGlRf ■)• Define a map 

(18) CG{V)^CT{Vnt*)'^-^'\ </.^V' = (2vri)"+vr,(rKr(0)). 
Clearly, (|18j) intertwines d^; with d^^. 

Proposition 4.9. The induced map in cohomology 

H{CG{V),d'G) = V {Vf ^ H{Ct{V nt*),d'T) =v'{vnt*) 

takes values in D^V nt*)^~^^^ , and coincides with the map Rg. 

Proof. Suppose the induced map in cohomology takes n G T>'(V)'^ to m € VCVnt*). 
We will show m = i?g(n). Using a partition of unity, we may assume that n has 
compact support. As shown above, n has a unique representative 4> G C(y)basic; 
given as 4> = ex.p{-^i{P))n. Sincen has compact support, so does (f). By Fourier 
transform, for € t, 

(19) (m,e-2"^<-'«>) = {2Triy'+ ^ 7r,(r(0 0)e'2"*<-'«> = (27ri)"+ ^ t{0 e-^'^'^-'^l 

Since (p has compact support, we can replace the equivariant Thom form by the 
cohomologous form (with non-compact support) ( — 1)"+ IlaelRf ^ Pol(t) C 

Qris*)- Hence (Unj equals 

(-1)"+ n 2^^^"'^) (n,e-2-<-'«>) = (i?gn, e-2-<-'«>). 

□ 

4.4. The distributions m^. We return to the setting of Section EH {M,uj,^) 
is an oriented Hamiltonian G-space, with proper moment map ^ : M ^ V C Q* . 
Let E 'D'(V) be the invariant distribution associated to an equivariant cocycle 
P G Q,g{M). We may then define a distribution on y n t* as simply the image 
of under the isomorphism Rg. 

= i?0(n^) G D'{V D t*)^-^^\ 

A more geometric construction of is obtained as follows. Consider the Hamil- 
tonian T-space (M, u, $r) where the T-moment map is ^ followed by projection 
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Q* — > t*. Then is the DH-distribution for this Hamiltonian T-space, correspond- 
ing to the T-equivariant cocycle (27ri)"+ tmkt(/3) where tm = ^*t: 

(20) = (2vrz)"+ ^ (^|;)'(^t)* (^M'^T(/3)e2™)f "^"'l 

If P is compactly supported, this can be written in terms of Fourier transform: 

Jm 

Due to the factor tm, the integral is localized to an arbitrary small neighborhood of 
X = ^~^{V n t*). That is, it depends only on the restriction of f3 to an arbitrarily 
small neighborhood of X. If the moment map $ is transverse to t*, so that X is a 
smooth submanifold, this becomes more concrete: 

Proposition 4.10. Suppose the moment map <I> is transversal to i* , and let X = 
^~^{y n t*) with moment map $x = i-*^ o,nd 2-form ojx = i^*^ given by pull-back 
under the inclusion i : X ^ M . Then the distribution for a cocycle j3 € Og(M) 
is just the DH-distribution for the Hamiltonian T-space {X,ujx-,^x), associated to 
the cocycle i*x(3- 

Proof. In the transverse tubular neighborhood of X in M may be identified 

in a T-equivariant way with X x p, in such a way that the diagram 

X X p > M 

(y n T) X p > V 

commutes. Then tm = *&*t represents the Thom class of the vector bundle ttx '■ 
X X p ^ X . The distribution does not change if KT{l3)e^'"^^ is replaced by 
tt\{(3x^'^'^'^'^-^)-, since the difference is dr-exact. But then, using (^t = ° t^x-, 

□ 

We refer to Woodward |42j for interesting examples of Hamiltonian G-spaces 
with <I> transverse to t*. In the case of a regular coadjoint orbit. Proposition I4.1U1 
is illustrated by Equation (^HJ- 

5. DH-DISTRIBUTIONS FOR Q-HAMILTONIAN G-SPACES 

Throughout this Section, we assume that p (the half-sum of positive roots) is a 
weight of G. For instance, G may be a product of a simply connected group and 
a torus, or G = U(n) with n odd. We identify — S* by means of an invariant 
inner product on g. Similar to the Hamiltonian setting, any equivariant cocycle 
(3 € ^^^(M) on a q-Hamiltonian G-space (M, a;,<I>) defines an equivariant current 
#^.(/3e^'^*'^) on G, closed under d'g. = d^ — 27rir]Q. Our first goal is, therefore, to 
associate to any d'g'-cocycle on G an invariant distribution. 
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5.1. The isomorphism Rq- The group analogue to the product of positive roots 
fi I— > naeSH+ '^'^'^ ' function t i— > i~^+A{t), where 

is the Weyl denominator. Indeed, 

i""'+^(exp/Li) = JJ 2sin(7rQ-^). 

Pick orientations on G, T, compatible with the given orientation on p, and let d voIg 
and dvoly be the volume forms defined by the orientation and the inner product. 
Let y C G be an invariant open subset. Similar to Lemma 14.61 we have: 

Lemma 5.1. There is a unique linear isomorphism Rq : ^'{V)^ — > V^V H 
rp^W -a.lt ^ yjj^fj^ ff^g following two properties: 

(a) (C7~-Iinearity) Raifrx) = /|vnT^G(n) for all f G C^(V)^ and n G 
V'{V)^. 

(b) (Fourier coefficients) For compactly supported n, the Fourier transform 
of RgXi is given by 

(i?G(n), e^) = — (n,XA), A G A^. 

vo1g/t 

For the volume form on G one finds, 

Raid vole) = i~''+A dvolT 
Proof. Define Rg as the inverse dual map to the isomorphism, 

Then Rq clearly satisfies while Equation (jQ) follows from the Weyl character 
formula: 

" '^W ' 2^ ^~^> (^Gn,e^(A+p)) 

= volc/T «"+(^Gn,e3:q:^). 

Similarly, the formula for i?G(dvolG) is a consequence of the Weyl integration 
formula. □ 

The maps Rq and Rq are related as follows: 

Lemma 5.2. The Duflo map Dufc : I^'(0)Smp ^ V'{G)^, n i-^ exp^ J^/^n inter- 
twines the two maps Rg and Rg- That is, 

Rg o Dufc = exp^ oR„ 
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Proof. The identity z~"'+j4(exp //) = J^/'^{fi) Ylaeyi+ ^vra • // for G t shows that 
for any test function / G C°°(G)*^, 

exp*(i-"+^/|T) = ( n J^/^exp*/. 

Using the definition of Rg, Rq as dual maps to maps on test functions, this yields 
(i?G)''oexp, = DufGo(ii0)-i. □ 

We will now use Rq to construct a map CciV) — > T>'{V)'^ , vanishing on cocycles 
for dg = dc — 2iTir]G- This map will be given in terms of a commutative diagram 

(21) CaiV) > V'iVf 

Rg 

Ct{v n r)^-'^'* > v'{v n t)"^-^^^ 

Here the W-action on Ct{V r\T) is {w.(j)){S,) = w^:{4>{w~^ The lower horizontal 
map in the diagram is given by 

(22) CT{Vf^T)^V'{Vf^T), V'^m = ^(-^^)Vf"" 

■^j^ 27r« a/x 

where we use (2^^)'^ to denote both a constant coefficient differential operator 
on t, and also the induced differential operator on T. Note that this map is W- 
equivariant and vanishes on d^ = d — 27rzr7T-cocycles. If -0 has compact support, 
this map can be characterized in terms of Fourier coefficients by 

(23) (m,el) = (V(A),e3:), A G A*. 

To construct the left vertical map, consider the T-equivariant tubular neighbor- 
hood vr : U oiT dG, described in SectionO Recall the 2-form 7 G ^^^(^7)^, 
satisfying dr7 = KTirjc) — TT*r]T- Restrict the bundle vr : C/ — > T to the intersection 
VnT, and let r G ^l^^ [tt"^ (V CiT)) be a representative of the T-equivariant Thom 
class, supported in the intersection -k^^CV f}T) nV. Then 

(24) CciV) ^CriVnT), ^ = (2^«)"+7r,(T e^^^^ kt(</')) 

is a well-defined map intertwining dg = d^— 27117/^ with d^ = dT—^TiirjT- Since the 
action of w G on p changes the orientation by (— l)'^'"^ we may choose r in such 
a way that for g G Ng{T), g*T{i) = (-l)'('"V(w-^^). With this choice, the map 
(|2i|l takes values in Ct{V n r)^~^i*. We define the map Cg{V) ^ V'{V)^, (f) ^ n 
in the unique way making H21|) commute. That is, 

(25) n= (2..)"^^G'(E(^|;)'-*(-^''^^"-H'A))r^l 

By construction, H25() vanishes on d'j^-coboundaries, and the induced map in d'^;- 
cohomology is independent of the choice of r. 
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5.2. DH-distributions for q-Hamiltonian G-spaces. Let (M, uj, <I>) be an ori- 
ented q-Hamiltonian G-space, possibly degenerate, with proper moment map 
<I> : M ^ V C G. (Recall that if lo is minimally degenerate, there exists a 
distinguished orientation, see Lemma [2?T|) . Let f3 G CIg{M) be a closed equivariant 
differential form. Then the current 

is d^ = dc - 27ri?7G-closed. Let n'^ G be defined by The distribution 

= Rcin^) G 'D'{Vr\T)^~^^^ admits an interpretation similar to the Hamiltonian 
case, Section ^31 Indeed, let {N,Qn,^n) be the q-Hamiltonian T-space given as 
the 'Abelianization' of (M, a;,$). Then is the DH-distribution corresponding 
to the cocycle (27ri)"+rArKr(/?) G ^t{N) where tn = ^*t: 

--^ ^ f) r / „ . N [dim Ml 

(26) = (2vri)"+ ^ ^ ——)\^^)^[rr,^T{P)e''''''-)^ . 

If $ is transverse to the maximal torus, the same argument as for Proposition 14. lOl 
shows that is a DH-distribution for the q-Hamiltonian T-space (X,lox ,^x) 
where X = <I>~^(T) and ujx, are pull-backs oi uj,^. 

Theorem 5.3 (Properties of the q-Hamiltonian DH-distributions). Let (3 G ^^^(M) 
be an equivariant cocycle, and the associated distribution. 

(a) depends only on the cohomology class of /?. 

(b) If V' C V is an invariant open subset, then n^\v' is the DH-distribution 
corresponding to /3|$-i(y'). 

(c) If g ^ G is a f3-regular value of ^, the distribution is smooth at g. 

(d) // P has compact support, then the distribution has compact support 
contained in $(supp(/3)). Its Fourier coefficients {n^jXx) are given by the 
integral 

(n^xl) = (-2vr)'^+volG/T / tn{X + p)P{X + p)e''^'^^ ^l^e^p, A G A; 
which localizes to the fixed point set of (A + /9)m- 

(n^XA)=dimy, Eul(.p,A + p) " 

Here cop G Q'^{F) and : F —* T are defined as pull-backs of oj and <I> to 
the fixed point manifold F. 

Proof. (jEJ and (|cj) follow from the properties of the map Cg{V) —>■ P'(y)'^. In 
particular, if g G G is a /3-regular value, the current $*(/3e^'^*'^) is smooth near g, 
hence so is the distribution n^. 

Suppose next that /3 is compactly supported. Using i^-§i2)^£\ = X^e\, the 
Fourier coefficients of the distribution may be written, 

(m'^, eXT^) = (2^i)"+ / rjv(A + p)/3(A + p)e^^'^^'^*^e^p, X G A^. 
Jn 
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This implies the first Formula in , by Lemma f5.1l|b|) . Since the integrand is d\^p- 
closed, the integral may be computed by localization, see Theorem IB .21 The fixed 
point components F are all contained in ^>~^(T), by equivariance of the moment 
map. The second Formula in follows since tp^N = i-*f^ L*p{iON) = I'p^^, 
and since l^t is cohomologous to 

(-1)"+ n «-(A + p) = (-27r)-"+^^, 

where we used the Weyl dimension formula. □ 

5.3. Relation to intersection pairings. Our goal in this Section is to prove: 

Theorem 5.4. Let V C G be an invariant open subset containing the group unit e, 
and (M, w, $) a q-Hamiltonian G-space, with proper moment map ^ : M ^ V C 
G. Suppose P G QciM) is an equivariant cocycle, and that e V is a (3-regular 
value of ^. Then the distribution is smooth near e, and 



n^(e) = (27ri)^i-« voIg V f / /3rcde'™^' 

. I^i J{M//G), 



J 

Here the sum is over connected components of M//G, and kj is the cardinality of 
a generic stabilizer for the G-action on the jth component of^~^{e). 

The idea of proof is to compare with the DH distribution for the Hamiltonian G- 
space described in 13.11 We first discuss a similar problem for equivariant currents. 
Recall that in Ullj) . we defined a 2-form w E il^(g)'^ with d^ro = exp* r/c — r/g. 

Lemma 5.5. Suppose Vq (Z Q is an invariant open subset of q, such that exp 
restricts to a diffeomorphism onto the image V = exp(Vo). Let (p G ^Ig{V) C Cg{V) 
be a smooth equivariant current, and (j)Q := e"^'^*'^ exp* G Qg{^o)- Then cpo 
is closed under do — 27rir/g if and only if cj) is closed under do — 2TrirjG- The 
corresponding (smooth) measures no on Vq and n on V are related by the Dufio 
map: 

(27) n = exp,(ji/2no). 

Proof. The first claim is clear since conjugation by e'^'^^^ intertwines do — 
27riexp*r]G with do — 2TTirjg. For the second claim, it suffices, by Corollary 
14.31 to consider the case that (j),(pQ have compact support. Let m = Rg(j^) and 
mo = i?0(no). By Lemma we have to show 

ra = exp^ mo. 

Since mo,m are compactly supported and 1^-alternating, it is enough to show that 

(28) (m,e3^) = (mo,e-2-<-.^+p)), A G A^. 
By definition 

(m,e]^) = (27ri)"+ [ r{X + p)e^-''ycP{X + p)7r*e^p. 
JU 
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where the integrand is closed for the differential dA+p- Integrating over the fibers 
of vr : U ^ T, and using = 0, this gives 

(m, exr;) = (27ri)"+ ^ 4</.'(A + p)e^p. 

A similar argument for (po shows that 

(mo,e-2"<-'^)) = {27Tir+ j^iXmy-^^'^-'^\ e e mt(t+). 

But exp^ = i\(t)Q, since l\w = 0. Hence we have proved (|28|) and therefore the 
Lemma. □ 

Proof of Theorem \5.4\ Replacing V with a smaller neighborhood of e if necessary 
(and Af with the corresponding pre-image under $), we may assume that all 
points of V are /9-regular values of Furthermore, we may assume that V is 
the diffeomorphic image under exp of an invariant open neighborhood Vq C Q. 
Let (M, u;o,$o) be given by linearization (cf. Section 1,3.11) . By construction, 
the currents = <^*(/3e^''*'^) on V and 0o = (<I>o)*(/?e^™o) are smooth, and 
4> = exp^(e^'^*^</)o). Hence, Lemma 15.51 shows that the measures tXq and are 
related by the Duflo map Dufc : V'{Vo)'^ V'{V)'^. Since J^/^^q) = i, it follows 
in particular that 

n^(e) = n^(0) 

where we use the Riemannian measures on g and on G to identify smooth measures 
with functions. Since Wred = ('^o)red) the Theorem follows from the interpretation 
of DH-distributions for Hamiltonian spaces, Proposition I4.41|S| ) . □ 

Remark 5.6. More generally, the value of at any /^-regular value 5 of <I> is given by 
an integral over components of ^~^{g)/Gg, similar to I4.41|^ . with the symplectic 
volume of a (co-)adjoint orbit G.fi replaced by the q-Hamiltonian volume of a 
conjugacy class ((TJ. For g = exp /i with // sufficiently small, this follows by the 
same argument as for g = e, using that Vol(G. exp;^) = J^/^(^) Vol(G.^). For 
general g, the result can be obtained using cross-sections [J. 

5.4. Fixed point formula for intersection pairings. Suppose (M, a;,$) is an 
oriented q-Hamiltonian G-space, with proper moment map ^ : M ^ G. (In 
particular, M is compact.) Assume that e G G is a regular value of ^. 

Given an equivariant cocycle /? G Qg{M) consider the Fourier expansion of n^: 

^ aga; 

where dvolc is used to identify distributional measures on G with distributional 
functions. Combining Theorem 15.41 with I5.3l|d|) . and using Xx{^) = dimVA, one 
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recovers the following result from ^j: 



■j J {MUG), 

= ^ ^ ^/^^^ ^ Eul(.^,A + p) 

Of course, the formal substitution g = e is only valid if the Fourier coefficients 
decay sufficiently fast, to ensure convergence of this series. In the general case, one 
can introduce a convergence factor exp(— e||A + plP) in the sum, and obtains an 
equality for e — > 0. See UHl and |1] for more detailed discussion. 

Remark 5.7. If G is simply connected, and M a compact, connected q-Hamiltonian 
G-space with a minimally degenerate 2-form lo, then the fibers of the moment map 
$ are connected In this case, the formula directly gives intersection pairings 
on M//G in terms of fixed point contributions. 



6. DH-DISTRIBUTIONS FOR HIGHER Q-HAMILTONIAN FORMS 

6.1. Currents associated to higher q-Hamiltonian forms. Suppose (M, uj, 
is an oriented q-Hamiltonian G-space, with proper moment map ^ : M ^ V C G, 
and let f3 G QciM) be an equivariant cocycle. Given an invariant polynomial 
p G Pol(g)'^, suppose lu^ € Q,g{M) is a higher q-Hamiltonian form, i.e. satisfying 
dcioP = <^*rjP,. Then 

(29) </, = $,(/Je2™'') 

is closed with respect to the differential d^ — 27ri77^. Note however that /3(^)e^'^*'^''''^^ 
does not lie in Qg{M), in general, since the exponential does not depend polyno- 
mially on ^ G g. On the other hand, we have to insist on polynomial dependence 
in order for formulas such as (|25j> to make sense. 

To get around this difficulty, we take p to be an invariant polynomial of the form 



I 

(30) p{0=PiiO + Y.^iMO 

i=2 

where pi(.^) = thepj for j > 2 are invariant polynomials, and = {62,---,Si) 

are formal parameters. That is, instead of a general invariant polynomial p we 
consider only deformations of the quadratic polynomial. It will be convenient to 
introduce a notation for the perturbation term, 

i=2 
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We also assume that the leading term of uJ^ is the given 2-form cj, so that 

I 

(31) u;P = w + w<? = w + ^ b^ufi 

where uj^^ E Qg{M) are higher q-Hamiltonian forms corresponding to pj. Then 
^e'^niu.p -g defined as an element of where C[[6]] = £[[62, 61]] denotes 

the ring of formal power series. Similarly, Equation ()29() defines an element of 
Cg'(V^)[[5]], closed under the differential dc — 27rir/^. 

6.2. Witten's change of variables. Suppose (f) G Cg'(V')[[(^]] is closed under the 
differential dc — 2Trir]Q. We would like to associate to (p an invariant distribution 

nev'ivfm]. 

As a first step, we define a current on y n T, by a formula similar to H24|) 

(32) V = (27ri)"+7r,(re-2-^' G CriV n r)[[5]], 

where 7^ is given by ((T^ . Note that V' is well-defined since e~'^'^'^'^^ = ^-'^'^n ^-'^■^n'' 
lies in r2T(C/)[[(5]], i.e. the coefficients depend polynomially on the Lie algebra 
variables. Furthermore, ip is closed for the differential d — lirirf^. 

The second step associates to any d — 27rir/j,-cohomology class a distribution on 
V r\T. For this, we cannot directly use the map H22() . since this map does not 
vanish on d — 27rir/j,-coboundaries unless p = The underlying problem is 

that the current tp{\)'e\ (for weights A S A*) is not d-closed, in general. Instead, 
using (d + 2Tii\ ■ Ot)^^ = and (d — 27rip'(^) • ^t)V'(0 = 0; we have: 

Lemma 6.1. For ^ G t and X G A*, the current 'ip{C)e\ G C{V n T) is d-closed if 
and only if p'{C) = A. 

This observation motivates a 'change of variables' ^ = (p')^"'^(A), as in Witten's 
paper [HI Equation (5.9)]. Let Pol(0,g) C C°°(0,0) be the algebra of polynomial 
maps from g to itself. The transformation ^ 1— > p'(^) is a well-defined invertible 
element of the algebra Pol(3,0)[[(5]], with leading term the identity map. (See 
Appendix EI foi" more on the change of variables) . We will need the following 
fact regarding the Jacobian p" of the change of variables. View p" as an element of 
Pol(3, End(0)) [[(5]] , given in terms of an orthonormal basis of g and the associated 
coordinates by the matrix g^ag^t ■ 

Lemma 6.2. For any ^ G t, the linear map p"{(,) G End(g)[[5]] preserves the 
decomposition g = t©p. Furthermore, if ^ is a regular element of i the determinant 
o/p"(Olp S^^'en hy 

«ietp"(oip)"^= n 

Proof. Let us treat the 5i as real variables rather than as formal parameters. For 
sufficiently small (5j, the derivative : 5 — 5 is a well-defined diffeomorphism of 
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neighborhoods of containing ^ resp. p'{£,)- By invariance, the derivatives of p at 
^ vanish in p-directions, which imphes that p"{$,) has block form 

p"(Olt 

p"mp 



Suppose now that ^ is a regular element. The matrix p"{^)\p is the Jacobian for 
the transformation 

T^(G.O=P-rp,(^)(G-p'(0)=P 

induced by p'. Hence its determinant is the ratio of the Riemannian volumes of 
the orbits through ^ resp. p'{^), with the Riemannian metric induced from g. The 
Lemma follows, since the Riemannian volume of an adjoint orbit G ■ ^ C Q through 
a regular element C G t is equal to | detp(ad^)| Volfj/'p where 

|detp(adc)| = ( n 2vra-C)'. 

□ 

Let 2lg denote the algebra automorphism of Pol(0)[[(5]] given by 

{%F){p'{o) = m- 

Since the change of variables operator 2lg commutes with the adjoint action, it in- 
duces algebra automorphisms of the Cartan complexes Og(-^)[['^]] and Cg(M)[[(5]], 
for any G-manifold M. Let 2tt be defined similarly, using the restriction p\i. 

Lemma 6.3. The automorphism 2lt o/ CT'(y H T)[[(^]] intertwines the differential 
d — 2iTirf^ with d — IniriT- In particular, if ip Ct{V D T)[[5]] is closed under 
d — 2TTirf^, then 'Qiitp is closed under d — 2TTirjT- 

Proof. It is obvious that 2lt commutes with d and intertwines = p'iO ' 

with 7]t{C) = i-6T- □ 

Hence, by composing 2lt with the map ((22), we obtain a map CxiV n 
V^V n r)[[(5]], vanishing on d — 27rzr/j.-coboundaries. As it turns out, it will be 
convenient to modify this map by the factor S = (detp"|p)^/'^, and to define a 
VF-equivariant map Ct{V n T)[[6]] V'{V n T)[[d]] by 

(33) ^-- = E(^|)'(2l^(^^))f"^'- 

Hence there is a unique map Cg(1^)[[(5]] — > ^'(^)*^[['^]] vanishing on d^ — 27rir/^- 
coboundaries, for which the following diagram commutes: 

(34) Cg{V)[[5]] >V'{Vfm] 

Rg 

Ct{V n T)^-^it[[5]] y V'{V n t)'^-^^\ 

Here the lower horizontal map is (|33j) and the left vertical map is (|32|). 
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Lemma 6.4. Suppose 4> E Cg(1^)[['5]] is closed under — 2Tri7jQ, and let n G 
be its image under the above map. If (p is compactly supported, the 
Fourier coefficients of n are given by the formula, 

dim Va 



(-1) +lLe9^"- Wf/ 
where ^ is t/ie solution of p'{5) = \ + p. 

Proof. The Lemma follows from (n,XA) = voIg/j- (m, e^+p) and the calculation, 

using Y\.^^ a.{\ + p) = (2vr)-"+ □ 

Returning to the case of a q-Hamiltonian G-space, consider cj^ of the form pij) . 
and an equivariant cocycle /3 G r2G'(M). We define a generalized DH-distribution 
G as the image of the current (f) = ^^(/Je^™'') G Cg(1^)[[(5]] under 

the map (jSH). 

If f3 is compactly supported (in particular if M is compact), the Fourier coeffi- 
cients of n'^ can be expressed in terms of the Abelianization {N,ujk[,^n). Recall 
that by Proposition 13.41 the form = - satisfies drw^ = ^^f^T" 

obtain: 



Ju 



/or-N / a V dimT/A 

'''' '"'"''MmW'f 

Using localization, we find: 

Proposition 6.5. Suppose (3 G Og(M) is a compactly supported cocycle. Then 

(n^XA)=dimyA E , AGA^ 

where ^ is the solution of p'{S,) = A + p. 



Proof. We view the (5j as real variables rather than just formal parameters. For 6j 
sufficiently small, the inverse ^ = (p')^^(A + p) is a well-defined smooth function of 
6j. Moreover, ^ ^ X + p as 6j ^ 0. This implies that Q^O) C (A + p)a/(0), 
for 5j sufficiently small. Since the integrand in the definition of ^x+p '^i' 
closed. Proposition 16.51 follows from the localization formula (Theorem IB.2|) . us- 
ing that the pull-back of tm{0 to any F is T-equivariantly cohomologous to 

(-irn.e<H+(«,o- n 
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6.3. Interpretation. By construction, the distribution G ^'(^)[['^]] is smooth 
at /3-regular values of ^. Its restriction to the set of /3-regular values g G V encodes 
intersection pairings on symplectic quotients ^~^{g)/Gg. We will need the precise 
relationship only for g = e. Generalizing Theorem 15.41 we will prove: 

Theorem 6.6. Let {M, iv, $) be a q-Hamiltonian G-space, with proper moment 
map ^ : M ^ V C G, and (3 G f]G(M) is an equivariant cocycle. Let uj^ be 
a higher q-Hamiltonian form as in andnf^ G the DH- distribution 

defined by these data. Suppose V contains the group unit e, and is a (3-regular 
value of ^. Then is smooth near e, and using dvolc to identify measures and 
functions, 



red 



n^(e) = (2^0^'-^ voIg V f / (det(/) ^U^e 

Y kj J{M//G), 

A combination of Theorem 16.61 and Proposition 16.51 faoplied to n^^ where f3i 
— — gives a localization formula for intersection pairings: 



dct(p") 

Theorem 6.7 (Localization formula for higher q-Hamiltonian forms). Let 

{M,uj,^) be a compact, connected q-Hamiltonian G-space, with group unit e a 
regular value of the moment map. and (3 G VtciM) an equivariant cocycle. Let 
p{^) = ^IICIP + Sj=2 ^jPjiO be an invariant polynomial and a;^ = w + ^ djuj^^ G 
^^(^(M) a corresponding higher q-Hamiltonian form. Then 



T- 



j kj J(M//G), 

(27ri)-di"^^ ^ (dimVA)^ ^ /• e^"<(^) 

vol^ detp"(0,^^^^^y. Eul(..,e) ^''-^ 

where in each summand, ^ G q[\S\\ is given as the solution of p'{S^) = A + p. 

6.4. Proof of Theorem l6.6l The idea of proof is to relate the distribution to a 
similar distribution for ordinary Hamiltonian spaces. Since we are only considering 
a neighborhood of e, we may assume that V is the diffeomorphic image of an 
invariant neighborhood Vq C of under the exponential map. Furthermore, we 
may assume that V consists of /^-regular values of <I> so that the current (j) is in fact 
smooth. 

We begin by considering arbitrary dc — 27ri?7Q-closed currents (p G Cg(^)[['^]], 
and the corresponding distributions n G ^'(^)[[<5]] and m = Rain). 

Let wP G riG(0)[[<^]] be defined as in (fTU]) . Conjugation by e^'^*^'' is an automor- 
phism of Cg{q) [[S]], intertwining do — ^iri exp* r/^ with d^ — Inir^. Hence the form 



(36) cPo = e-^-'^''exp*cPeCGiVo)m] 

is closed for the differential da — 2'Kirf^. The change of variables operator 2lg 
intertwines r^{C} = — d(-,y(^)) with ry0(^) = — d(-,^). Therefore 2l0(/)o is closed for 
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do — 27ri?7g, and we have the associated distribution, 
Similar to ^|J, define a d-p — 27rir/j-cocycle 

(37) ^0 = (2^x)"+(vro)*(ToKT(0o)) G Ct(Fo n t)[[5]], 

and the corresponding distribution, 

Lemma 6.8. The distributions xiq and mo are related by xxiq = i?g(no). 

Proof. It suffices to prove this for compactly supported (po- In this case, the Fourier 
transforms of no is (no, e~^'^*^ '^ ^^^'^) = {4>o{£,)t^~'^'^^^''^ ^^^'^). For the Fourier trans- 
form of mo we compute, 

(mo,e-2-<-'P'(«))) = 5(e)(Vo(e),e-2-<-'«>) 

= (27rir+5(0(To(e).^o(e),e-2-<-'«>). 



Since (j)o is compactly supported, ro(C) may be replaced by the cohomologous form 
of non-compact support (—1)"+ Ylae^t+i'^'O- This factor combines with the de- 
nominator of S, and we obtain 

(mo,e-2"^<-'P'(«)>) = (-1)"+ Yl 2Tri{a,p'{0) (no, e-2-^(-.p'(0>). 

Now use the characterization of Rg by Fourier transforms. Lemma l4.6lfB)) . □ 

Lemma 6.9. Suppose <j) G riG'(^)[[<^]] a smooth equivariant current, closed under 
dc — 2Trir}Q. Let n and (j)o,no be as above. Then n, no are related by the Duflo map: 

n = exp^(J^/^no). 

Proof. Again, it is enough to prove this for compactly supported (j). We have to 
show that m = Rg{^) and mo = i?g(no) are related by m = (expj.)*mo. As in the 
proof of Lemma [5. 5| this is verified by comparing the Fourier coefficients of the two 
measures: First, defining^ by p'(^) = A + /9, the localization formula (or integration 
over the fiber, using the properties of the Thom form) gives 

(m,e3^) = (2vri)"+5(e) / r(0c/>(0e~'"*^'^^^^*e3^ = ^(6 / 40(e)e3^ 

JU JT 

where we have used that the integrand is d^-closed. The Fourier coefficient 
(mQ, e"^'^*^ '''*^^^) is computed similarly, and agrees with (m', ca+p)- D 

Above, we have seen that 2l0o is a dc — 27ri?7g-closed current. Another way of 
making 0o closed under dc — 2Trir]g is to define 

^o(0 = e2-<-''''«)Vo(OGCG(yo)[['J]]. 
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Let no € ^'(^o)[['5]] be the corresponding distribution. As it turns out, we will find 
it much easier to interpret fio rather than no, in the q-Hamiltonian setting. 

Lemma 6.10. The distributions no and no are related as follows, 



noifi) = e2-<^'«'(2^l:)) det(p"(-L^))no(z.] 



1/=/! 



In particular, 



no(0)=det(p")(^|;)ftoH 



i/=0 



Proof. It suffices to prove this for the case that </>o is compactly supported. The 
calculation 

(no,e-2-(-.P'(C)>) = (0o(e),e-2-<-'^'(«))) = (<^o(e), e-^-<-'«)) = (fio, e-^^^'?)). 

shows that the Fourier coefficients of no and fio are related by a change of variables. 
Hence, the Lemma boils down to a description of the Fourier transform of the 
change-of- variables operator 2lg, which is accomplished in Appendix □ 

Proof of Theorem \(j.b\ With our preparations, the proof has now become a fairly 
straightforward extension of the proof of Theorem 15.41 We may assume that V 
consists of /3-regular values of ^ and is the diffeomorphic image under exp of an 
invariant open subset Vq C g. Let (M, wo,^o) be as in the proof of Theorem 15.41 
We use the currents (p = ^•^(/Je^'^*'^'') and ^o = {^o)*if3e'^''''^o) to define n^ G 
V'{V)^[[6]] and G V'{Vo)^[[6]]. ^From Lemma 1^ we see that n^(e) = n^{0). 
To identify nQ(0) it is better to work with Uq, defined by the dc — 27rir/g-closed 
form 

0o(C) = ($o)*(/3e2"*^"«"^*°'^'^^^^) = $*(/?e2-^K-<*0'5'(-))e2"^'^«) G Cg(Vo)[[<5]]. 

Indeed, Hq is just the DH-distribution for the dc-closed equivariant form 
P^2m{uj^-(^o,q'{-)) ^ hence its interpretation in terms of intersection pairings is given 
by Proposition I4.41j5j) . According to Lemma I6.1U1 the value of nQ at is equal to 
the value of {detp"){^S) n(^ at 0. By Proposition lOlfcj) . 



1 d , _ -det{p")/3 



so we find that n'^(e) = nQ(0) = n^^^^^ ^^(0) is given by 

(27ri)'i'"'^volG V— / (det(y')/5e^^*^'^''~^*'''^'^'^^^) e^^^^^o)-'^. 

J J{Mo//G)j 

Finally, observe that under the natural identification M//G = Mo//G, 

i^O - (^0>9'(-)))rcd = t^red' (^o)red = ^^red- 

□ 
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7. Proof of the Witten formulas 

In this Section we will apply Theorem 16.71 to our main examples. In each case, 
we first describe the Fourier coefficients of the distribution G by 
working out the fixed point contributions from Proposition 16.51 Throughout this 
Section we assume that G is simply connected and simple. Thus in particular, p 
is a weight. It is easy to generalize the discussion to general semi-simple compact 
groups, by passing to covers. 

7.1. Conjugacy classes. Any conjugacy class C C G has a unique structure of 
a q-Hamiltonian G-space, in such a way that the moment map is the inclusion 
<I> : C ^ G. The 2-form uj given by the formula ^ 

'^(^c,ec)l. = ^e-(Ad,-Ad3-i)e'. 

More generally, if p € Pol(0)'-' is an invariant polynomial, the pull-back is 
exact since the equivariant cohomology of a homogeneous space G/K lives in even 
degree. In fact, evaluation at the base point eK E G/K is a homotopy equivalence. 



(38) 0^(C)^l]^(pt)=Pol2'(t)-^, 

with homotopy inverse Oii-(pt) ^g{C) given by induction. Hence, up to equi- 
variant coboundaries we can fix a primitive co^ G ^^g(C) of ^*rjQ by requiring that 
it lies in the kernel of (|38|l . Now let p G Pol(0)[[(5]] have the form p?)]) . and take 
G as in (jHJ), normalized to lie in the kernel of (|38|) . 

Theorem 7.1. Let (3 G Qg{C) be the equivariant cocycle defined by induction 
from an invariant polynomial Q G Pol(t)^. Then the Fourier coefficients of the 
corresponding distribution G are given by, 

(n^Xl) = (2vrz)^-(^)/^Q(6(^^)'''^ Vol(C). 

with p'{C) = A + p. Here Xa(C) denotes the value of the character x\ on the 
conjugacy class, and Vol (C) is given by 0. 

Proof. Let // G 2t be the unique point in alcove with exp(p) G C, as in Example 
12.31 The centralizer K = Gexp^ is a connected subgroup containing the maximal 
torus T. We denote by Wk C W the Weyl group of K, by yiK,+ C the set of 
positive roots, and by px its half-sum. px need not be a weight of K, in general. 
On the other hand, 2/x • px is an integer: This follows since 2px is in the weight 
lattice for the adjoint group K/Z(K), while p is in the integral lattice for this 
group (since expx{p) G Z(K)). The orientation on C differs from the orientation 
on the homogeneous space G/K by a sign, (— 1)^'^ ''^. 

The set of fixed points for the vector field (A + p)c is the Weyl group orbit 
W.expp = C nT. It is thus parametrized by W/Wk- Consider the fixed point 
F = {exp/i}. The space up = Te^^^C is isomorphic to 6^ C g as a i^-module; 
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hence the equivariant Euler form is 

Eui(i.i.,e) = (-i)'^-''^^' n (-«)-^' 

By equivariance, Eu[{i'w.F,(,) = Eu1(z^_f, ^^0- We therefore obtain, 



detp;'(e)^ ,„^£:^,,.. nag9u\iHK.J-«) • + p) 



where we have used Lemma 16.21 to write 



TT aV(0 ^ /dety^y/2 
-I- -I- a-C Vdetp'/(0/ 

The proof is complete by the following Lemma. □ 

Lemma 7.2. Let K he the centralizer of g = exp fi, with ^ G 21. Let C = G. exp fi 

be the corresponding conjugacy class. The following formula holds for all A € A^^.' 

dimF, Vol(C) ^ > ^^Z.^^^„.^\o..,,«.^.(A + ,)' 

with Vol(C) as given in ((T)). 

Proof. Let K denotes any connected finite cover of K for which px is in the weight 
lattice, and x!f ^ C°°{K) denotes the irreducible character corresponding to a 
weight V € ^. By two applications of the Weyl character formula, 

^ (C\ = V ( iV^"'^ X;^(A+p)-py(gxpj^^) 
""'^ ^ ^ ^ ^ n„e9^\9..,,2zsin(™./.) 



VoIg//^ dim(C)/2 r_lV(«')-v^ 

Vol(C) 



Since exp^ [i is in the center of 

xf(exp^/i) = dimVf e^™-'^ 
for all V G ^^^^ ~ w{\ ^ p) — px^ and therefore ^'^^^'i^ = 

(_l)2pK ■Mg27ri«)(A+p)-^^ while the dimension of Vj^ can be re-written by means of 
the Weyl dimension formula: 

+p)-pK ~ ^'^^K/T 27ra • ?i;(A + p) 

{-lyMdimVx 
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Putting all this together, we obtain the expression for xa(C) as given in the Lemma. 

□ 

7.2. Fusion. Suppose (M, a;,$) is a q-Hamiltonian G^-space. That is, $ = 
(<I>o,*5i) : M — > is a G^-equi variant map, and the 2-form uj satisfies the con- 
dition dQ2U) = ^Qrjc + ^iVg- Then, as explained in P the space M with diago- 
nal G-action becomes a q-Hamiltonian G-space (M, Wfus, $fus) with moment map 
'I'fus = 'I'o'l'i (pointwise product) and 2-form 

Wfus = UJ + 

where ip = ^pr*9^ ■ prg 0-^ € Q'^{G x G). In the appendix, we explain how the 
Bott-Shulman machinery defines higher analogues ip''' G r2^~^(G x G) of this form, 
for any p £ Pol'(g)'^, with ipP = for p{^) = Some basic properties of 

these forms are: 

(a) The form degree part (ipP)^^^ vanishes. 

(b) Letting Mult : G x G ^ G denote the group multiplication. 

Mult* rf^ = pr* rf^ + pr^ rf^ + dcp^. 

(c) The equivariant forms on G x G x G, 

(pri X prs) + (Mult o(pri x prs) x prg) 

and 

(pi'2 X pr3)V^ + (pri x(Multo(pr2 x pr3))V^ 

differ by a dfj-coboundary. For p{£^) = they are in fact equal. 

Hence, given an equivariant form ujP E Qq2{M) with dQ2UjP = ^qIJq + ^iiJc^ 
form 

has the property dcivf^^ = ^f^s^G- 

As an application, suppose Ci, . . . ,Cr are conjugacy classes, with moment maps 
<!>,■ the inclusion and with given higher q-Hamiltonian forms uj^, normalized as in 
17.11 Then the product Ci x • • • x becomes a q-Hamiltonian G-space, with moment 
map the product <I>i • • • and with a higher q-Hamiltonian form obtained by 
iterated fusion. Note that uj^ is not canonically defined since the fusion procedure 
is not associative (except for p{£^) = However, (jcj) above shows that any 

two forms obtained in this way differ by a dc-coboundary. 

The fixed point set for the action of (A + p)m on M = Ci x ■■■ x Cr are simply 
products of the fixed point sets for each Cj. Since they are 0-dimensional, the terms 
^*(pP vanish if pulled back to the fixed point sets, using Hence, the fixed point 
contribution for the product is just the product of fixed point contributions from 
each factor. 
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7.3. The double. The double is the q-Hamiltonian G^-space {D{G), uj, {^o,^i)) 
where D{G) = G x G, with group action 

{90,9i)-{h,k) = (s'0%^^ 51 %r^) 

and moment map components ^o{h,k) = k, ^i(h,k) = Adh{k^^). The 2-form to 
satisfying dQ2UJ = <&o^g + ^iVG arises naturally in the Bott-Shulman construction 
(cf . Appendix IB.9|) , and equals the form denote A in ()46|) . The explicit form 
of uj is not important for what follows, except for the fact that its pull-back to 
D(r) = T X T C G X G is the standard symplectic form on D(r) = T x T: 

i[)^rp-^oj = h*6T • k*9T- 

More generally, for any invariant polynomial p G Po^g)*^, the Bott-Shulman con- 
struction defines forms ujP G ^q2{D{G)) (see Appendix IB. 91 where these forms are 
denoted A^), with the property dQ2u;P = ^q1Jq + ^i??^- The pull-back of these 
forms to D{T) is given by 

jk 

with Ars{£,o,S,i) = Jq dtp'l{^)rs{{l — i)Co + t^i)- Here pi is the restriction of p to t, 
p'l{Cjjk is the matrix of second derivatives in a given orthonormal basis of t, and 
9ip are the corresponding components of the Maurer-Cartan form. 

The fused double D[G) = D[G)fus is a q-Hamiltonian G-space with moment 
map ^>fus = ^Q^i given by the group commutator {h,k) i— > [k,h] = khk^^h~^. 
As explained above, the forms co^ gives rise to higher q-Hamiltonian forms uj^^^ on 
D(G). On D{T) C D{G), the 'fusion term' ^*ip'P vanishes, as one can see from 
Lemma FB. 41 Hence, the pull-back of uj^^^ to D{T) is simply 

jk 

Dropping the subscript 'fus', consider now the fixed point contributions for 
(L'(G), a;), for p be as in (jSOJ, and obtained by fusion as explained above. 
Since G acts by conjugation on each factor in D{G) = G x G, the fixed point set 
for (A -|- p)m is just F = D{T). On F the moment map becomes trivial, and the 
normal bundle is T-equivariantly isomorphic to p ® p. The equivariant Euler form 
is (cohomologous to) 
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In the simplest case (3 = 1, the fixed point contributions read, 



dim V\ 



If 



-l)"+(27ri)<^''"^(volT) 



dim T /, 



dimT/ , ^2 dety'(0 



-l)"+(27ri)^''"^ (voir) 



(n 



-l)"+(27ri) 



dimT (voIt)' detp"(0 



(dimyA)2 (naGlH+«-P)' 



(volG)2detp"(e) 

(dimyA)2 ■ 

We now consider more general /?. The equivariant cohomology algebra of G x G is 
a tensor product (as modules over Hdpt)) of the cohomology algebras of the two 
factors 

Hg{G xG) = Hg{G) ^Haipt) Hg{G). 
Let pi, . . . ,p]sf be a set of generators for the ring of invariant polynomials, and let 
rjQ = 7]q be the corresponding generators of Hg{G). Following |41| and |2i Section 
6], set 



N 



N 



j=i i=i 

where dj are formal even parameters, and (-[^Kf^f'^ are odd parameters (anti- 
commuting with each other but also with odd differential forms). To simplify 
notation, denote 

N N N 



Thus 



i=l 1=1 



1=1 



The integral over F = now becomes 



rp2 



rp2 



This integral is solved by completion of the square, writing the exponent as 

{2^^pmh*e^+Q\mk*(^^-^pl(o-'p\o)-^Mr'^p'^'^^^ 

This yields, 



2tti 



(dim V) 



with p'(0 = A + p. 
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7.4. Moduli spaces of flat bundles. By fusion of s copies of the double 
and r conjugacy classes Ci, . . . ,Cr, the space M = G^^ x Ci x ■ ■ ■ x Cr considered 
in Q acquires the structure of a q-Hamiltonian G-space, with moment map ©• 
For any p G Pol(g)*^, this space carries a higher q-Hamiltonian form u^, which is 
canonically defined up to a dc-coboundary. 

The equivariant cohomology ring of M is simply the tensor product (over 
Hcipt)) of 2s factors of Hg{G) with the cohomology rings of the conjugacy classes 
Ci = G/Ki, i.e. Pol(t;)^'. Let R = "^aiPi be as above, and write 

N N 



"J 

=1 1=1 



where 4^'' parameters, and the index j stands for the G^-factor. Let 

Qi G Pol(^;)^' be invariant polynomials, with corresponding cocycles f3i S VLg{Ci), 
and let 

3=1 1=1 

Consider now the fixed point contributions. The fixed point sets F for A + /9 is just 
the product of the fixed point sets for the factors G^ resp. C;. In particular, each of 
the r + s moment maps is constant on F. This implies that the 'fusion terms', i.e. 
terms involving ip^ , all vanish if pulled back to F. Hence, the fixed point contribu- 
tion from any such F is simply the product of the fixed point contributions from 
the factors. We therefore obtain the following result for the Fourier coefficients, 

V dim Fa ^ fj^ det^/Ve'(0 

where 

j 

We finally state the resulting Witten formula for intersection pairings. Since we 
assume G is simple and simply connected, the level set <I>^^(e) C M is connected, 
and so is the moduli space M = M//G. If e is a regular value, the action of G on 
<l>~^(e) is locally free. We assume that the generic stabilizer for the G-action on 
<I>^^(e) is equal to the center Z{G). This is automatic for s > 2, or for 2s + r > 3 
and sufficiently 'generic' conjugacy classes. (See for discussion.) Write P = lo^^^ 
since these generalize the Atiyah-Bott classes of 'type f , and let /? be given as 
above. Then 



1 



(27ri)dimA^/2 



2mf 



#z(0)(v„fe)-- V ^te(-ifVK))''^''-'fr(<?.(qv°;f).u(C, 
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Appendix A. Formal change of variables 

A formal diffeomorphism of a manifold X, is an invertible elements of the algebra 
C°°(X, where 5j are given formal parameters, li X = V \s a. vector space, 

we can consider the smaller group oi polynomial formal diffeomorphisms, consisting 
of invertible elements P = Pi (using multi-index notation) of the algebra 

Pol(y, y)[[(5]], where Pol(F, are valued polynomials on V. 

Suppose V carries a scalar product •, and let : V'{y)comp — > C^iV) denote 
the inverse Fourier transform, defined by 

(^^M(e) = (n,e-2-<-'«)), ^^y^ 

Proposition A.l. Suppose P = "^jS^Pi is a formal diffeomorphism of V , such 
that all Pi are polynomials and P0 = Idv- Let ni,n2 € P'(y)comp[['^]]; with 

{Ty\,m = {J'y'n2){P-\i)) 
as elements of C°^{V)[[5]]. Then 

ni(;x) = e2'^*'^-'3(2^l:) det {P'{—^)) 02(1^) 
where Q{i) = P{C) - 6 

Proof. Results of this type are well-known from the theory of Fourier integral 
operators - see e.g. ^Hl- It is enough to consider the case rij smooth, so that 
= {^v^^i){0 rapidly decreasing functions of ^. The desired identity 
follows from the calculation, 

ni(/i) = / /2(P-'(0)e'"'^-^de 
Jv 

= I /2(C)e2-^^-^(^)(detP'(C))dC 
Jv 

= [ e2"^^-'3K)(detP'(C))/2(C)e2"^^-^dC. 
Jv 

(To justify the second equality, use Borel summation to temporarily replace P by 
a genuine function V ^ V, depending on 6j as parameters.) □ 

Appendix B. Equivariant de Rham theory 

B.l. The Cartan model of equivariant cohomology. Let G be a compact Lie 
group acting smoothly on a manifold M. That is, we are given a group homomor- 
phism G — > Diff(M), g 1-^ Ag, such that the action map G x M ^ M, {g,x) i— >• 
g.x = Ag{x) is smooth. For any Lie algebra element ^ € 5, the corresponding gener- 
ating vector field is the derivation of C°°(M) given by ^m(/) = k=o-^exp(-t5)-^' 
For each ^ G 0, define an odd derivation of r2(M) by 



= d - i{^M)- 
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The Cartan complex of equivariant differential forms is the graded algebra 
Q^(M) = (Pol(0) (g) n{M))'^ of G-equivariant polynomial maps /3 : g ^ 0(M), 
equipped with the equivariant differential 

(dG/3)(o = d€/5(e), 

and with grading given by the differential form degree plus twice the polyno- 
mial degree. Its cohomology algebra coincides with the equivariant cohomology 
H^iM) = H'{EG XgM). 

B.2. The Cartan map. Let G be a compact Lie group and vr : P — > i? a principal 
G-bundle. Then the pull-back map ir* : — > il(P)basic C ^Ig{P) is a quasi- 
isomorphism. If E Q,^{P) (8) g is a principal connection, one has an explicit 
homotopy inverse 

Car^ nG{P)^n{p)G-b.sic = n{B), 

known as the Cartan map. The definition of this map is as follows: Let Hor^ : 
^'{P) denote the horizontal projection, and let F'^ = d9 + ^[9,6] G 
r2^(P) (8> g be the curvature. There is a unique algebra homomorphism 

given on linear polynomials ^ G 3* by i— > -F^). Tensoring with r2(P), this 
yields an algebra homomorphism 

nG{P) = (Poi(0) n{p)f ^ nipf, p ^ p{f'). 

The Cartan map is defined by 

Car^(/3) = Hor^(/3(F^)). 

It was proved by Cartan that Car^ is a chain map, inducing the inverse map (vr*)^^ 
in cohomology. For a nice proof of Cartan's theorem, showing in particular that 
Car^ and vr* are homotopy inverses, see Nicolaescu |31I. The proof carries over 
to the case that the G-action on P is not free but only locally free, i.e. has finite 
stabilizers, and it also generalizes to the case that P — > i? is an L-equivariant 
principal G-bundle with a L-invariant connection, where L is a second Lie group. 

One application of the Cartan map is induction. Suppose G is a compact con- 
nected Lie group, and K a maximal rank subgroup. Let the principal i^-bundle 
G G/K be equipped with the unique G-invariant connection. Given a K- 
manifold y, let the principal i^-bundle G xY G xx Y carry the pull-back 
connection. The induction map 

Indg : nKiY)^nG{GxKY), 

is a homotopy equivalence, given as the pull-back map i^K(Y) — > Q,gxk{G x Y) 
followed by the Cartan map. A homotopy inverse Og(G Xk Y) — > Q,k(Y) is given 
as pull-back to Y C G XkY. 

Example B.l. In the special case Y = pt, we obtain homotopy inverses 
QKipt) ^ nG{G/K), ^g{G/K) ^ 17^(pt) 



INTERSECTION PAIRINGS 



39 



where the first map is the induction map and the second map is pull-back to the 
base point eK € G/K. 

B.3. Equivariant Thorn form, equivariant Euler forrrr. Let it : E ^ B 

be a G-equivariant real vector bundle of even rank, with a fiberwise orientation. 
An equivariant Thom form for E is an equivariant form te G i^ciE), compactly 
supported in fiber directions, with fiber integral tt^^te = 1- Any two Thom forms 
differ by the equivariant coboundary of a form with fiberwise compact support. 
Assume the base B is oriented, and give E the product orientation. Then 

(39) / te{OP= [ P, 

for any differential form /3 G Q{E) such that t(^)/3 has compact support and 
d^/3 = 0. The proof boils down to the fact that if one is working with equivariant 
currents, the Thom class is represented by E CciE), where l : B ^ E is the 
inclusion of the base. 

The pull-back Eul(£') = l*te G i^ciB) is called the equivariant Euler form. 
Given an invariant Riemannian metric and compatible connection on E, the 
Mathai-Quillen construction [301 gives explicit representatives for te, and therefore 
of Eul(^). 

An important special case is: G = T, B = pt, and E = V a complex vector 
space. Let ai, . . . ,a„ G A* be the (real) weights for the action on V. Then the 
equivariant Euler form is simply a polynomial on t: Eul(y, ^) = (—1)" YYj=i{0'j , ■ 

B.4. The Berline-Vergne localization formula. Let G be a compact Lie group 
and M an oriented G-manifold. For any ^ S 0, consider the derivation d^ = 
d - iiCu)- Let be the set of zeroes of or equivalently the fixed point set of 
the 1-parameter subgroup generated by ^. 

Theorem B.2 (Berline-Vergne). 01 Suppose a G r2(M)comp is a compactly sup- 
ported differential form with d^a = 0. Let S C M be an embedded G^-invariant 
oriented submanifold of even codimension, containing the fixed point set M^. 
(We allow for S to consist of several components of varying dimension.) Let 
Final's,') £ ^G^{S) be the G^- equivariant Euler form of the normal bundle of 
S, for some choice of invariant Euclidean metric and connection. Then 



s Eul(z^s,0 

Remarks B.3. (a) Suppose j3 = a(^) where a S Og(-^) is a G-equivariant co- 
cycle. Then d^/? = 0, and the localization formula is a version of the local- 
ization formula in equivariant cohomology (see Atiyah-Bott |6j). However, 
not all d^-cocycles arise in this way. 
(b) The theorem is usually stated for the special case S = M^. In fact, the 
general case may be deduced from this special case, by further localizing 
the integral over S to S' = C S. If C S is sufficiently close to ^ and 
commutes with ^, then also S = satisfies the conditions of the theorem. 
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B.5. Equivariant homotopy operators. We will need the following facts about 
homotopy operators. For any G-equivariant vector bundle vr : E ^ B, let h : 
Q,'{E) Q*~^{E) denote the standard homotopy operator. That is, up to a sign 
h is defined as pull-back under the map I x E ^ E given by scalar multiplication 
on the fibers, followed by the push-forward map (pr2)* : —^E)—^ Q*~^{E). 

Since the projection vr is G-equivariant, the homotopy operator defines a degree 
— 1 operator on ^IciE), denoted by the same symbol. 

Letting l : B ^ E he the inclusion of the zero section, the homotopy operator 
satisfies l* oh = 0, hovr* = and 

dc h + h dc = id — vr* o l* . 

Another simple fact regarding h is that if a form on E is zero along B C E, then 
so is its image under h. 

B.6. Equivariant simplicial differential forms. Recall the definition of a sim- 
plicial manifold ^1 EHl OH • For each positive integer n let [n] denote the ordered 
sequence {0, . . . ,n}. A map / : [m] [n] is called increasing if f{i) > f{j) for 
i > j. Of particular interest are the face maps 9* : [n — 1] — >■ [n] for z = 0, . . . , n, 
defined as the unique strictly increasing map whose image does not contain i. 

A simplicial manifold is a contravariant functor from the category of ordered 
sequences (with increasing maps as morphisms) into the category of manifolds. 
That is, a simplicial manifold X, is a sequence of manifolds (X„)J^q, together with 
a map X{f) : Xn X^ for each increasing map / : [m] — > [n], such that X{id) = 
id and X{f o g) = X{g) o X{f). The maps di = X{d^) : Xn X^-i are again 
referred to as face maps. A (smooth) simplicial map between simplicial manifolds 
F, : X, X', is a collection of smooth maps Fn ■ Xn — > X'n intertwining the maps 
X(f), X'[f). Any manifold M can be viewed as a simplicial manifold M,, where 
all Mn = M and all X{f) are the identity map. Another example is the simplicial 
manifold E,M, where EnM = M'^'^^ and X{f){xo, . . . ,Xn) = {xf{o)^ ■ ■ ■ i^f{n))- 

Let A" C M""^^ denote the standard n-simplex, defined as the intersection of 
the positive orthant with the affine hyperplane X^ILo^' ~ ^- ^'^y increasing map 
/ : [m] [n] defines a linear map R*""*"^ W^^^ sending the basis vector Cj to 
ej(j). It induces a map A(/) : A™ A". The geometric realization |^2Li2Sj of a 
simplicial manifold \X\ is the quotient \X\ = IJ„(A"' x Xn) / ~ where one divides by 
the equivalence relation generated by (A(/)(t),x) ~ (t, X{f){x)) for all increasing 
maps /. 

Following Dupont ^Sj) one defines a simplicial r-form on X, to be a collection 
of r-forms a„ G il''(A"' x X„) satisfying relations 

(40) (A(/) X id)*a„ = (id xX(/))*a^ 

for any increasing map / : [m] — > [n]. Under certain technical hypothesis (which 
holds in our examples), the complex (Qg-jjjp(X,), d) computes the cohomology of the 
geometric realization with coefficients in M. Consider on the other hand the double 
complex Q,^'''{X,) := Q^Xj.), with commuting differentials d and 6 = '}2i=o^~^y^i ^ 
and the corresponding total complex Q^{X,) = 0fc_|_;=r ^^'(^fc) with differential 
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S + (— l)'^d. The maps r2'"(A"' x X„) '^(Xn) (integration over simplices) 

assemble to a chain map 

As shown by Dupont 18,, this map is a chain homotopy equivalence. 

There is a straightforward equivariant extension of these concepts: Suppose K, is 
a simplicial Lie group (i.e. all are Lie groups and all face maps and degeneracy 
maps are group homomorphisms) . An action of K, on X, is a simplicial map 
K, X X, — > X, given by a ir„-action on Xn in each degree n. This means that 
for any increasing map / : [m] — > [n], the maps X{f) : X^ — > X^ are equivariant 
with respect to the homomorphisms K{f) : Kn — > K„i'- 

X{f){k.x) = {K{f){k)).{X{f)ix)). 

Thus one obtains pull-back maps in equivariant cohomology, X{f)* : (Xm) 
r2^^(X„). We define a space 

r 

^K.iX.) :=0J^-"(X„) 

n=0 

of i^T, -equivariant forms on X,, with equivariant differential 5 + (— l)"'di^^ on 
r2^"'(X„), and define a iT, -equivariant r-form to be a collection of equivariant 
forms an = ^ satisfying the compatibility relations (jHU. As before, 

integration over simplices defines a chain equivalence between these two complexes. 

Suppose now that P, — > X, is a simplicial ^C,-equivariant principal G-bundle. 
A i^,-invariant simplicial connection a, is given by a family of i^„-invariant con- 
nection forms 

a„ Gf]i(A" xP,)^"0 

satisfying Dupont's compatibility relations. Given a G-manifold M, the collection 
of equivariant Cartan maps for u,, followed by integration over simplices, defines 
a chain map^ 

(41) n-a(.M) ^ 0J7-«(P„ xgM). 

n 

This is the simplicial version of the (equivariant) Cartan map. If M is a point, this 
is known as the simplicial Chern-Weil map. 

B.7. Equivariant Bott-Shulman forms. Let G be a compact Lie group, 
and consider the simplicial group E,G. The diagonal action g.{gQ, . . . , gn) = 
{gog~^, ■ ■ ■ ,9n9^^) of G on E^G makes E,G — > B,G = E,G/G into a simplicial 
principal G-bundle. There is a distinguished simplicial connection on E,G B,G, 
given by 

n 

CTn = J2^^ pr* 9^ G (A" X E^G) ® 0, 
1=0 

where pr^ : EnG —>■ G is projection to the ith factor and 0^ € $7^(G)<8>g are the left- 
invariant Maurer-Cartan forms. This connection is invariant under the left-action 



See P] for an alternative construction of such a chain map. 
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of E,G on itself. It hence defines, for any G-manifold M and any homomorphism 
K, — > E,G of simplicial groups, a ^C,-equi variant Cartan map (|41j) . To make this 
map more explicit, use the projection 

C^+i X G" X M, (5ro,...,9n,x) ^ {gogi'^,...,gn-ign\9n-x) 

to identify -EnG xq M = x M. Under this identification the face maps are 

{{h2, . . . ,hn,x) for z = 0, 

(hi, . . . ,hihi+i, . . . ,hn,x) for < i < n, 
{hi, . . . ,hn-i,hn.x) for z = n, 

and the action of E^G = G"+^ on G" x M reads 

(50, ■ ■ ■,9n)-{hi, ...,hn,x) = {gohig^^, gih2g2^, ■ . . , gn-ihng~^ , gn-x). 
We have thus constructed a chain map 

(42) ^^. = 00g: J7^(M)-0J7^7(G"xM) 

n>0 n>0 

which we will call the equivariant Bott-Shulman map. As observed by Bott-Shulman 
(in a slightly less general setting), the maps vanishes on Qq{M) for all n > d/2. 

To compute the Bott-Shulman map, it is useful to note that the bundle EnG x 
M — > EnG Xg M is trivial: The submanifold defined by gfo = e is a trivializing 
section. In terms of the identification EnG xq M = G" x M, this section is the 
map 

in-. G'' xM ^G^+^ xM, {hi,...,hn;y)^{go,---,9n;x) 



where gj = {hi ■ ■ ■ hj) ^ and y = {hi ■ ■ ■ hn) ^ 



.X. 



B.8. The case M = pt. The setting originally considered by Bott and Shul- 
man |,'S7j corresponds to the case where M is a point and is trivial. The equi- 
variant extension to K, = G, viewed as the diagonal subgroup of E,G, is discussed 
by Jeffrey in [23]. In this case, (|42|) becomes a map 



n>0 n>0 



where G acts on -B„G = G" by conjugation. To write down concrete formulas, note 
that the generating vector field for the diagonal action of G on EnG = G""*"^, given 
by the left action on each factor, is the sum of n + 1 copies of the right-invariant 
vector field — Hence, the equivariant curvature of the connection a^, reads 

FG{i) = Y.dugie^--Y^Ugi[e\e'^]--Y, utMo\g*e'^] + Y.t^ Ad^-i(0. 

j=0 i=0 i,j=0 4=0 

Then (p) is given explicitly as the integral 

0W(p)= / p(<Fg(0). 

7A" 
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For p G Fol'^{g)'^ , introduce special notation 

(obviously cj^Q {p) = if d > 0). If p(^) = we will drop the superscript p. 

It is not hard to see that the general formula for (f)^"\p) specializes, for n = 1, to 
the formula Q for rj^. Also, taking n = 2 and p(^) = one finds that 93 is an 

ordinary 2-form on G x G: 

(The forms (Pq\p) for n > 2 vanish for p{C) = iH^lP-) 

The fact that (j)G{p) is closed under the total differential for the double complex 
(r2^(G'), dc 5) gives equations, 

d-GVc; = 0' 

(43) dcv^P = Mult*??P -pr]:??P -pr^??P 

where Mult : G x G — > G is group multiplication. Furthermore, the form 

(pri X pra) + (Mult o(pri x pi^) x prg) 

-(pr2 X prg)^^ - (pri x(Multo(pr2 x pr3))>P 

on G X G X G is dc-exact. Another useful property of the forms tjq is that they 
change sign under the inversion map Inv : G ^ G, g ^ 

(44) luv*r,l = -r,l. 

This follows from Remark 2.1(b), by pulling the identity i|43|) back under the map 
9 ^ {9t9~^)i s-iicl using that the pull-back of t/^ to the group unit vanishes. 

While the formulas for the forms 99^ are rather complicated, one has simple 
expressions if G = T is a torus. 

Lemma B.4. If G = T is a torus, the form ip^{^) G QxiT"^) is given by 

rs 

Proof. In the Abelian case, the formula for the equivariant curvature of (T2 simplifies 
dramatically: 

2 

FT{0 = ^dt,g*eT + (. 

Hence, the pull-back under L2{hi, /12) = (e, h^^ , (/ii/i2)~^) reads, 
i*FT(0 = ^ - dti hlOr - dt2{h\eT + hlOT). 
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Hence, 

p(^2^t(0) = - dh hl9T - (MhlOr + h*29T)) 

= -dtidt2Y,PrsiOKe'Th*29'T + ... 
rs 

where we have only written the coefficient of dtidt2- The Lemma follows since 
/a2 dtidt2 = with our conventions. □ 

B.9. The case M = G. Consider next the case M = G with G acting by conju- 
gation, and with K, = E,G = G*~^^. We obtain a chain map 

oo 

^ = ^(n) , nUG) ^ n'j-^, 

n=0 n=0 

As pointed out above, ip^^^ is just the identity map. Consider the degree n = 1 
component. The action of G^ is given by {go, gi)-{h,k) = {gohgi^ , gikg^^), and 
the face maps are do{h, k) = k and di{h, k) = Adh{k). The form 

XP:=^^'\rfa)en%-\G') 

has the property 

(45) dc^Af (6, a) = ^0*^(6) - dtrfai^o). 

Again we drop the superscript for p(^) = ^H^lP, and also the subscript G^ since 
does not depend on the equivariant parameter in this case. Explicit calculation 
gives: 

(46) A = -^h*e^ ■ kdk{h*e^) + h*e^ 

(where we view /t, k as maps G"^ ^ G). For more general p, we only state the result 
if G = r is a torus: 

Lemma B.5. If G = T is a torus, 

A^(6, 6) = E ^-(^0' k*9'T 

rs 

where A.(Co, 6) = /o Prsit^o + (1 - *)Ci) dt. 

Proof. We denote points in EnT x T = T"+^ x T hy {go, gn, k), and points in 
EnT XtG = T"' xT hy {hi,..., hn,k). The E^T = T^+^-equivariant curvature of 
a„ is given by 

n n 
i=0 i=0 

Recall that r]^{^) = -p'{i) ■ 9t. To compute A^*') = ^^^^rf^), we have to consider 
the form in nT2{EiT x T), 

1 1 

ri''{F^2 (eo, 6)) = -k*9T ■ p'{Y. - E 9iOT) 

i=0 i=0 
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Pulling back under the map Li{h,k) = {e,h ^,k), and setting ti = t, Iq = {I — t) 
we obtain 

ilrf{F^2{^o,^i)) = -k*eT-p'{{l-mo + t^i + dth*0T) 

= dt^p';,{{i - t)Co + ti^)k*ewo'T + ■■■ 

rs 

where we have only written the coefficient of dt. Integrating over A^, the Lemma 
follows. □ 
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